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Abstract 

In this paper, we give some new genus-3 universal equations for Gromov-Witten invariants 
of compact symplectic manifolds. These equations were obtained by studying new relations 
in the tautological ring of the moduli space of 2-pointed genus-3 stable curves. A byproduct 
of our search for genus-3 equations is a new genus-2 universal equation for Gromov-Witten 
invariants. 

It is well known that relations in the tautological ring of moduli space of stable curves Mg,n 
produce universal equations for Gromov-Witten invariants of all compact symplectic manifolds. 
A typical genus-0 example is the associativity equation for the quantum cohomology, also known 
as the WDVV equation. Finding explicit higher genus universal equations is a very difficult 
problem. Genus-1 and genus-2 universal equations were discovered in [Gel| . |Ge2] . and [BP] . 
Relations among these equations were studied in [L2] . For manifolds with semisimple quantum 
cohomology, these equations determine the genus-1 and genus-2 Gromov-Witten invariants in 
terms of genus-0 invariants (cf. [DZj for the genus-1 case and [Llj for the genus-2 case). In 
[KLj . the authors proved a genus-3 topological recursion relation by studying a tautological 
relation on M^^i. Certain topological recursion relations of all genera were proved in |LP] . 
Despite all these progresses, the understanding of universal equations is still very limited and 
unsatisfactory. For example, so far the known genus-3 equations still can not determine the 
genus-3 generating function even for manifolds with semisimple quantum cohomology. Therefore 
it is very interesting to find more genus-3 universal equations. The main purpose of this paper 
is to obtain new genus-3 equations by studying tautological relations on A^3,2- 

To describe the universal equations, we need to use some operators introduced in [LlJ. Let 
M be a compact symplectic manifold. The big phase space for Gromov-Witten invariants of M 
is a product of infinitely many copies of H*(M; C). We will choose a basis {'ja \ a = 1, . . . , N} of 
H*{M; C). The quantum product Wi o W2 of two vector fields Wi and W2 on the big phase space 
was introduced in [Llj . This is an associative product without an identity element. An operator 
T on the space of vector fields on the big phase space was also introduced in [Llj to measure 
the failure of the string vector field to be an identity element with respect to this product. This 
operator turns out to be a very useful device to translate relations in the tautological rings of 
■M.g,n into universal equations for Gromov-Witten invariants. We will write universal equations 
of Gromov-Witten invariants as equations among tensors (( Wi • • • Wk ))g which are defined to be 
the k-th covariant derivatives of the generating functions of genus-(7 Gromov-Witten invariants 
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with respect to the trivial connection on the big phase space. We will briefly review these 
definitions in Section [1] for completeness. 
Define 

Q(>Vi,W2) 

■■= Im nr) »2 (( 7. m 7^ 7/? ))^ + ^ (( ^(Ws) r h (( 7^ m 7^ 7^ ))^ 
+f (( m nr) h (( haow,})), + 5 a t{W2) 7" »2 « {7. ° )), 

+Y ((n7")))2(({7a°>Vi} >V2))i + ^ ((W2T(7") {7a°>Vi}))2 

+ ^ ((nW2)7" {7.°Wl}))2 + ^ ((Wl {W2 7"0 7,}))2 



+ 18 



^ ((Wi7°))i((7aW2 {7''o7/3}))^ + ^ ((Wi7"))i((7a7^))^((7/3W2 7'^7M))o 

+ ^ (( 7" ))l (( 7a W2 7'' ))^ (( IP m r 7m ))o + ^ « ))i (( 1^ {7/3 ° Wl} ))^ 

1 (( W2 7" 7^" ))^ (( la {IP ° Wl} )), + ^ (( 7" 7a W2 7^" ))^ (( {7/3 o Wl} )), 

^ (( 7" 7a 7^" ))^ (( {7/3 o W2} Wi )), + ^ (( W2 7" 7^ )) ^ (( 7a 7/3 Wl 7^ ))o (( 7m »i 
1 Wi 7" 7^ ))^ (( {7a o 7/3} W2 ))i + ^ (( 7" 7^ ))^ (( 7a IP Wi 7^' ))o (( 7m W2 ))i 



+ 
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+^ (( W2 7" ))i (( 7a Wi 7^ 7/3 7^ ))o « 7m ))i + ^ (( 7" ))i (( 7a m 1^ ))^ {{ {7/3 o Wi} )), 

16 „ // «\\ 92 
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(( r ))i (( 7a 7^ ))^ (( {7/3 o W2} Wi )), + - (( W2 7° ))i (( 1^ ))^ (( 7^ ))i (( 7a 7/3 7m Wi ))o 
^ (( W2 7" 7a 7^ ))^ (( 7/3 Wi 7^ 7m ))o + 7^ (( 7" {7/3 o Wi} ))^ 

L ((W2 7"7''7^))^((7a7/37MW1)>0 + ^ ((w2 7"7''))^((7a7/3>Vi7''7M))o 
+ M (( ))o 



+ 720 
+ 135 



Note that Q(VVi, VV2) only involves data with genus < 2. In this paper we will prove the following 
genus-3 universal equation 



Theorem 0.1 For all compact symplectic manifolds, 

((r2(Wi)T(W2) »3 - {{T\W2)T{Wi) »3 = ^ {Q(Wi, W2) - Q(W2, Wi)} 

for all vector fields Wi and W2 on the big phase space. 
Note that in general 

((r2(>Vi)r(>V2)»3 / ^Q(Wi,W2). 

Instead (( T2(Wi)T(>V2) is given by a much more complicated genus-3 universal equation 
in Theorem 12. 2^ which is the main result of this paper. Theorem 10.11 is actually a corollary of 



2 



Theorem I2.2i We would like to point out that the genus-3 topological recursion relation in |KL| 
also follows from the formula in Theorem 12.21 (see the remark at the end of Section [2]) . 

During the proof of Theorem 12.21 we also discovered a new genus-2 universal equation under 
the assumption that the tautological ring of A^3,2 is Gorenstein. This genus-2 equation is given 
in Proposition 12.31 This equation does not seem to follow from known genus-2 equations. By 
a result of |L1| . known genus-2 equations already completely determine the genus-2 generating 
function for manifolds with semisimple quantum cohomology. Because of this fact, the new 
genus-2 equation in Proposition 12.31 is quite a surprise. 

We also notice that universal equations in this paper correspond to relations in the tauto- 
logical ring of A^3,2- We will give the relation corresponding to Theorem 10.11 in Section [3l 

The second author would like to thank R. Pandharipande for helpful discussions on whether 
the tautological ring i?*(A^3,2) is Gorenstein. 



1 Preliminaries 

Let M be a compact symplectic manifold. The big phase space is by definition the infinite 
product 

oo 

P := JJ H*{M;C). 

n=Q 

Fix a basis {70, . . . ,7Ar} of H*{M]C), where 70 is the identity element, of the ordinary coho- 
mology ring of M. Then we denote the corresponding basis for the n-th copy of H*{M;C) in 
P by {t„(7o), . . . ,T„(77v)}- We call t„(7q) a descendant of with descendant level n. We can 
think of P as an infinite dimensional vector space with a basis {t„(7q,) | < a < A^, n € Z>o} 
where Z>o = {n G Z | n > 0}. Let {t^ \ < a < N, n (z Z>o) be the corresponding coordinate 
system on P. For convenience, we identify r„(7o) with the coordinate vector field jS^ on P for 
n >0. If n < 0, Tni^ja) is understood to be the vector field. We also abbreviate to(7o) by 7q,. 
We use and r_ to denote the operators which shift the level of descendants by 1, i.e. 



r± ^fn,arni7a) = ^ fn,arn±li7a) 



where fn,a are functions on the big phase space. 

We will adopt the following notational conventions: Lower case Greek letters, e.g. a, /3, 
fi, V, a,..., etc., will be used to index the cohomology classes on M. These indices run from 
to A^. Lower case English letters, e.g. i, j, k, m, n, etc., will be used to index the 
level of descendants. These indices run over the set of all non-negative integers, i.e. Z>o. All 
summations are over the entire ranges of the corresponding indices unless otherwise indicated. 
Let 



= / 7a U 7/3 

Jm 

be the intersection form on H*{M,C). We will use r] = {rjap) and = (77°'^) to lower and 
raise indices. For example. 

Here we are using the summation convention that repeated indices (in this formula, /3) should 
be summed over their entire ranges. 
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Let ^ 

(7:„i(7ai)T„,(7«,) ... r„,(7„J) , := /_ |J(^'"» U evi*7„J 

JlMg,niM;d)V"\=i 

be the genus-^, degree d, descendant Gromov-Witten invariant associated to 7q,j , . . . , 70^ and 
nonnegative integers rii, . . . , (cf. [W], [RTj . [LiT] ). Here, Aig^k{M; d) is the moduh space of 
stable maps from genus-gf, A;-pointed curves to M of degree d E H2{M; Z). is the first Chern 
class of the tautological line bundle over Adg^kiM; d) whose geometric fiber over a stable map is 
the cotangent space of the domain curve at the i-th marked point while evi : Alg^„(M; d) — > M is 
the z-th evaluation map for alH = 1, . . . , /c. Finally, {Mg^n{M; d)]"''* is the virtual fundamental 
class. The genus-(7 generating function is defined to be 

^5 = E^ E E '?'(^ni(7ajr„.(7aj •••rn,(7aj),,, 

ni,...,nj. 

where q'^ belongs to the Novikov ring. This function is understood as a formal power series n 
the variables { } with coefficients in the Novikov ring. 
Introduce a A:-tensor (( )) defined by 

k 

Qk 

(( Wl>V2 • • • Wfc ))^ := ^ fmi,ai ' ' ' fmk,ak 0^.02 Ju^^d^ 

mi,ai,...,mt,,ak 1 k k 

for vector fields Wj = Ylm a fm^a where f^^^ are functions on the big phase space. This 
tensor is called the k-point (correlation) function. 

For any vector fields Wi and \V2 on the big phase space, the quantum product of Wi and 
W2 is defined by 

WioWs := ((WiW2 7°)>o7a. 

Define the vector field 

T{W) :=r+(W)-((W7"))o7a 

for any vector field W. The operator T was introduced in |L1] as a convenient tool in the study 
of universal equations for Gromov-Witten invariants. Let 'i/'i be the first Chern class of the 
tautological line bundle over Mg^k whose geometric fiber over a stable curve is the cotangent 
space of the curve at the z-th marked point. When we translate a relation in the tautological 
ring of Mg,k into differential equations for generating functions of Gromov-Witten invariants, 
each ^ class corresponds to the insertion of the operator T. Let V be the trivial flat connection 
on the big phase space with respect to which r„(7a) are parallel vector fields for all a and n. 
Then the covariant derivative of the quantum product satisfies 

Vw3 (Wi o W2) = (Vws Wi) o + Wi o (Vwa W2) + (( Wi W2 W3 7° »o 7a 

and the covariant derivative of the operator T is given by 

T{Wi) = T{Vw^Wi) - W2 o Wi 

for any vector fields Wi, W2 and W3 (cf. [Lll Equation (8) and Lemma 1.5]). We need to use 
these formulas in order to compute derivatives of universal equations. 
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2 Topological Recursion Relations on A^3 2 



The cohomology class Tpf ip2 vanishes on A^3,2 due to a result of lonel (cf. flo])- Furthermore, by 
a result of Faber and Pandharipande [FP2] . ipf ip2 is equal to a class from the boundary strata 
which is tautological, and therefore is a linear combination of products of -0 and n classes and 
fundamental classes of some boundary strata. For any curve in dM.3^2 '■= -A43,2 — -A43,2 with a 
genus-3 component, it has a dual graph 




(see Section [3] for the conventions of dual graphs). Since this graph is a tree, all such curves are 
of compact type. For this stratum to occur in the expression of ■0i ^^2) it must be multiplied 
by combinations of t/i-classes and K-classes of degree 2 on the genus-3 component. By a result 
of Yang [Y], K-classes in this expression can be replaced with combinations of 'i/'-classes and 
fundamental classes of boundary strata. On all other boundary strata, all components of curves 
must have genus at most 2, therefore k classes again can be represented as linear combinations 
of tp classes and fundamental classes of boundary strata (cf. [ACj ) . Therefore, it follows that 
ijjf 1^2 on A^3,2 can be written as a linear combination of products of the ijj classes and the 
fundamental classes of some boundary strata. By taking into consideration the genus-0 and 
genus-1 topological recursion relations as well as Mumford's genus-2 relation, we can translate 
these results into the following universal equations for Gromov-Witten invariants with unknown 
constants ai, . . . , 0105: 



= $(Wi,W2) 

:= -((r2(Wi)r(W2)»3 

+ai (( t2(>Vi o W2) »3 + 02 (( Wi W2 n-f^ o 7") 

+a3 (( r(Wi) 7" ))2 (( 7a m 1^ IP ))^ + a4 (( Wi T(7") ))^ (( 7, W2 7^ Ip )) 

+05 (( T(W2) 7" ))2 (( 7a Wl 7^ IP ))^ + «6 (( m ))2 (( 7a Wl 7^ IP )) 

+ar {{ Tir) ))2 (( 7a Wi W2 7^ Ip ))^ + «8 (( Wi Ti^) ))^ {{ {7a o W2} ))i 

+a9 (( T{W2) r »2 (( {7a o Wi} ))i + aio (( W2 T{r) »2 (( {7a o Wl} ))i 
+au ((r(7-) )), {{ {7, o Wl} W2 ))i + ai2 ((r(7°) )), {{ {7, o W2} Wi ))i 

+ai3 (( ))2 (( 7a Wl W2 7^ ))^ (( 7;3 )) 1 + ^14 (( Wl r(7-) {7, O W2} ))2 

+ai5((T(W2)7" {7aOWl}))2+ai6((W2r(7°) {7aOWl}))2 

+ai7 (( r(7-) 7^ ))^ (( 7, 7^ Wl W2 )>o + aig (( T(7") 7^ {Wi o W2} »2 
+ai9 (( r 7a T(Wl o W2) ))2 + a20 (( ^(7°) (( 7a {Wl o W2} ))i 
+a2i (( T(Wi o W2) 7" ))2 (( 7a ))i + a22 (( {Wl o W2} T(7") ))2 (( 7a ))i 
+023 (( Wl {W2 o 7° o 7,} + a24 (( W2 {Wl o 7" o 7,} 

+025 (( {Wl o W2} {7" o 7,} + a26 (( 7° »2 (( 7a {Wl o W2} 7^ IP ))^ 
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+«27 (( 7" ))2 (( 7a 7^ {7/J o m} ))^ + 028 (( 7^ ))2 (( {7a o t''} 7/3 Wi W2 ))^ 
+029 (( 7" {7a O Wi O W2} ))2 + 030 (( 7" ))2 (( 7a Wi W2 {7^^ O 7/3 } ))p 
+031 (( 7" ))2 (( {7a O Wi O W2} ))i + 032 (( Wi W2 7° ))l (( 7a {7^^ ° ^Z?} )), 
+033 ({ Wi 7" »i (( 7a m {7^ o 7/3} ))^ + 034 (( W2 7" ))l (( 7a Wi {7^ o 7^} 

+035 (( Wi 7" ))i (( 7a 7^ ))^ (( 7/3 W2 r 7m ))o + «36 (( m T ))i (( 7a 7^ ))^ (( 7^ Wi 7^^ 7m ))o 

+037 (( 7" ))l (( 7a Wl W2 {7^ ° ^4 ))i + «38 (( 7" ))l (( 7a Wi 7^ ))^ (( 7/3 W2 7^^ 7m ))o 
+^39 (( 7° ))l (( 7a W2 7^ ))^ (( 7/3 Wi 7^^ 7m ))o + «40 (( 7" »l (( 7a 1^ ))^ {{ 7/3 Wi W2 7^^ 7m )>o 
+041 (( Wi 7" ))i (( 7a 7^ {7/3 O W2} ))^ + 042 (( W2 7" ))i (( 7a 7^ {7/3 O Wi} ))^ 
+043 (( 7" )) 1 (( 7a Wi 7^ {7/3 o W2 } )) ^ + 044 (( 7" » 1 (( 7a W2 7^ {7/3 o Wl } )) ^ 
+045 (( 7" ))i (( 7a 1^ 1" ))^ i 7/3 7m >Vi W2 ))o + 046 (( Wi 7" 7^ ))^ (( 7a {7/3 o W2} ))i 
+047 (( m 7° 7^ ))^ (( 7a {7/3 O Wl} ))i + 048 (( 7° 7^ ))^ (( 7a 1^ ))i (( 7m 7/3 Wi W2 ))o 
+049 (( 7" 7"* ))^ (( 7a 7/3 {Wl o W2} »i + 050 (( 7" ))l (( 7a 1^ 7/3 {Wl O W2} )) ^ 
+051 (( 7" 7a 7^" ))^ (( IP {Wl o W2} ))i + 052 (( 7" 7a Wi 7^ ))^ (( {7/3 « W2} ))i 
+053 (( 7" 7a W2 7^ ))^ (( {7/3 o Wl} )), + a54 (( 7" 7a 7^ ))^ (( 7/3 Wl W2 7" ))o (( 7m ))i 

+055 (( 7" 7a 7'' ))^ (( {7/3 o Wl} W2 ))i + 056 (( 7" 7a 7^" )) ^ {{ {7/3 o W2} Wi )), 
+057 (( Wl W2 7" 7^ ))^ (( {7a o 7/3} ))i + 058 (( Wl 7" 1^ ))^ (( 7a 7/3 W2 7'^ ))o (( 7m ))i 
+059 (( W2 r 7^ ))^ (( 7a 7/3 Wl 7'^ ))o (( 7m ))i + «60 (( r 7^ ))^ (( 7a 7/3 Wl W2 r ))o (( 7m ))i 

+061 (( Wl r !■ ))^ {{ {la O 7/3} W2 ))i + 062 (( W2 r 7^ ))^ (( {7a O 7/3} Wl )), 
+063 (( r 7^ ))^ (( 7a 7^ Wl r ))o (( 7m >V2 ))i + 064 (( 7^ 7^ )) ^ (( 7a 7/3 W2 7^^ ))o (( 7m Wl ))l 
+065 (( r 1^ ))^ {{ {7a O 7/3} Wl W2 ))i + 066 (( Wi W2 7" ))l (( 7a 7^ 7/3 7^^ ))^ (( 7m ))i 
+067 (( Wl r »l (( 7a W2 7^ 7/3 7^ ))^ (( 7m ))l + «68 (( W2 7" ))i (( 7a Wi 7^ 7/3 7^ ))^ (( 7m ))i 
+069 (( Wl 7" »i (( 7a 7^ 7/3 r ))^ (( 7m W2 ))i + 070 (( r ))i (( 7a Wl W2 7^ 7/3 r ))^ (( 7m ))i 
+«n (( 7" ))i (( 7a 1^ ))^ (( 7/3 {Wl o W2} ))i + 072 (( Wl 7" ))i (( 7a 7' ))^ ({ {7/3 o W2} ))i 
+073 (( W2 r ))i (( 7a 7^ ))^ (( {7/3 o Wl} ))i + a74 (( r ))i (( 7a Wl ))^ (( {7/3 o W2} ))i 
+«75 (( 7" ))l (( 7a W2 7^ ))^ (( {7/3 o Wl} )), + a76 (( 7^ ))l (( 7a 7^ ))^ (( 7/3 Wl W2 7^^ ))o (( 7m ))i 
+«77 (( 7" ))l (( 7a 1" ))^ (( {7^ O Wl} W2 ))i + 078 (( 7" ))l (( 7a 1^ )) ^ {{ {7/3 O W2} Wi )), 
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+a79 (( Wi W2 7" ))i (( 7^ ))^ (( {la o 7/3} ))i + «80 (( Wi 7" ))i (( 7^ ))^ (( 7^ ))i (( la 7/3 7m ))o 

+a8i (( W2 7" )) 1 (( 7^ )) ^ (( 7^^ )) 1 (( la IP 7m Wi ))o 

+a82 (( 7" )) 1 (( 1^ )) ^ {{ r )) 1 (( la IP 7m Wi m )) , 

+a83((Wi7"))i((W2 7^))^(({7a°7/3}))i+«84((WiW2 7"7a {7^ 

+a85 (( Wi 7" la 1^ )) ^ {{ 7/3 m r 7/. ))o + "86 (( W2 7" 7a 7^ )) ^ (( 7/3 Wi 7^ 7/. ))o 

+a87 (( 7" 7a 7^ ))^ (( 7/3 Wi W2 7^ 7/. »o + «88 (( 7" 7a 1" 7/3 {Wi o W2} ))^ 

+a89 (( 7" 7a m 1^ {7/3 o m} ))^ + ago (( 7" 7a W2 7^ {7/3 « Wi} ))^ 

+091 (( 7" 7a 7^ 7^ )) ^ (( 7/3 7m Wi W2 ))o + ^92 (( Wi W2 7° 7^ {7a 07/3}))^ 

+a93 (( Wi 7" 7^ 7^ )) ^ (( 7a 7/3 7m W2 ))o + 094 (( W2 7" 7^ 7^^ )) ^ (( 7a 7/3 7m Wi ))o 

+095 (( 7" 7^ 7^ )) ^ (( 7a 7/3 7m Wi W2 ))o + age (( Wi W2 7" 7^ )) ^ (( 7a 7/3 7^^ 7m ))o 

+a97 (( Wi 7" 7^ )) ^ (( 7a 7;3 W2 ^ 7m ))o + «98 (( W2 7" 7^" )) ^ (( 7a 7/3 Wi 7^ 7m ))o 

+a99 (( 7" 7^ )) ^ (( 7a 7/3 Wi W2 r 7m ))o + «ioo (( Wi W2 7" )) 1 (( 7a 7^ 7/3 7^^ 7m ))^ 

+aioi (( Wi 7" ))i (( 7a W2 1^ 7/3 1^ 7m ))p + «102 (( W2 7° ))i (( 7a Wi 7^ 7/3 1^ 7m ))q 

+aio3 (( 7" )>i (( 7a Wi W2 7^^ 7/3 7^" + ai04 (( Wi W2 7" 7a l'^ 7/3 7^" 7m ))^ 

+ai05 (( 7" )>i (( 7a {Wi o W2} 7/3 )>i (( 7^ ))^ (2) 

where Wi are arbitrary vector fields on the big phase space. The following terms are omitted 
from this formula due to the lower genus equations: 

bi {{ T{Wl)W2 {la o 7"} »2 + b2 {{ WlT{W2) {la o 7°} ))2 

+63 (( T(Wi) 7" {7a o W2} ))2 + h {{ T{Wi) {W2 o 7°} )), {{ 7„ )), 

+h {{ r ))2 (( {7a o Wi} W2 7^ 7/3 ))^ + fee (( 7° »2 (( {7a o W2} Wl 7^" 7/3 ))^ 

+&7 (( r ))2 (( 7a W2 7^ {7/3 O Wl} ))^ . (3) 

The ^5 , ^6 1 ^7 terms in this equation are eliminated using the first derivatives of the WDVV equa- 
tion. To eliminate other terms, we need the Belorousski-Pandharipande equation (abbreviated 
as BP equation) whose top order terms have the form 

J] ((W.(l)T(W<,(2)oW.(3))>>2-((r(W.(l)){W.(2)oW.(3)}>>2 = L.O.T. 

for any vector fields Wi,W2,W3. Throughout this paper, "top order terms" refer to highest 
order derivatives of the highest genus generating function involved in each equation. "L.O.T." 
is an abbreviation for " Lower Order Terms" . The 64-term in equation ([3]) is eliminated by using 
the BP equation applied to Wi, W2, 7". 
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Taking covariant derivative of the BP equation with respect to 7" and applying it to 
Wi , W2 , 7a , we obtain 



This equation can be used to ehminate the 63-term in equation ([3]). 

Taking covariant derivative of the BP equation with respect to VV2 and applying it to 
T^jTajVVi, we have 



We can use this equation to eliminate the 61-term in equation ([3|). Similarly the 62-term can be 
eliminated by using the covariant derivative of the BP equation with respect to Wi. 

Since equation ([2]) holds for Gromov-Witten invariants of all compact symplectic manifolds, 
it must be satisfied for Gromov-Witten invariants of a point and P^. It is well known that 
the Gromov-Witten invariants of these two manifolds satisfy the Virasoro constraints (see |Wj 
[K] for the point case, and [EHX] [Gi] for the case). A computer program for calculating 
such invariants based on the Virasoro constraints was written by Gathmann |Gaj . We use 
Gathmann's program to compute such invariants and plug in derivatives of equation ([2]) to find 
relations among constants oi, . . . , 0105. 

When the target manifold is a point, the degree of all stable maps must be 0. Hence, we 
will omit any reference to the degrees of Gromov-Witten invariants of a point. In fact, such 
Gromov-Witten invariants are just intersection numbers 



over the moduli spaces Mg^k- Since the cohomology space of a point is one dimensional, coordi- 
nates on the big phase space are simply denoted by toi ■ ■ ■ • We also identify vector fields 
with Tm on the big phase space. Using Gromov-Witten invariants of a point, we obtained 
43 linearly independent relations among constants ai,...,aio5. These relations are listed in 
section \KA\ of the appendix as equations ([7]) to pUj) . 

When the target manifold is CP^, the degrees of the stable maps are indexed by i?2(CP^ Z) ^ 
Z. The degree d part of any equation for generating functions of Gromov-Witten invariants is 
the coefficient of q'^ in the Novikov ring. We choose the basis {70,71} for //*(CP^;C) with 
7o G -ff'^(CP^;C) being the identity of the ordinary cohomology ring and 71 G if^(CP^;C) the 
Poincare dual to a point. Coordinates on the big phase space are denoted by {t'^-.t}^ \ n G Z+}. 
We identify vector fields and with Tnfl and Tn,i respectively. Using Gromov-Witten 
invariants of P^, we obtained 61 linearly independent relations among constants ai, . . . ,0105- 
These relations are listed in section [A?2] of the appendix as equations (f50|) to (jllOp . 

Combining results from Gromov-Witten invariants of a point and P^, we obtained 104 linearly 
independent relations ([7]) - (jllOp among ai, . . . ,aio5. Using these relations we can solve all 
with i 7^ 2 in terms of 02, and obtain the following formulas: 



(( 7° la T{Wl o W2) ))2 - (( 7° r(7,) {Wl O W2} ))2 

+ (( 7" Wi r(7a o W2) ))2 - (( 7° T{Wi) {7a o n;2} ))2 

+ (( 7° W2 r(7, o Wi) ))2 - (( 7" T(W2) {7a o Wi} ))2 = L.O.T. 



(( Wl W2 ° 7a) ))2 - (( T(Wl) {7° o 7„} 



L.O.T. 
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Lemma 2.1 



ai = 
as = 
ag = 
ai3 = 
an = 

0.21 = 
^25 = 
029 = 
033 = 
036 = 
«39 = 
042 = 
046 = 

^50 = 
O54 = 

ass = 

062 = 
066 = 
«69 = 
073 = 
077 = 

asi = 

085 = 
«88 = 
092 = 
^96 = 
«99 = 
«102 



5 

168' 
5 

7' 

^7+ 12002, 
^ Ti + 24a2, 
^0, 



1 



5a2 



-42 + 602, 

360 + T°^2, 
97 _L 49^ 
lj6|80 10 "2; 

2T0 + ^^2, 
i+1802, 

-W ~ ^2"2, 
-35-602, 

I 54« 

140 5 "2, 
_J 54 

JO 5 "2, 

59 I 77n 

i6^_124 
210 5 "2, 

II + 14402, 

— ^ — 28802, 

40320 ^"2, 

— 315 — 4*^2, 
1 I An 

630 15 "2) 

_2 1 3_r, 

1344 10 "2; 
43 I _3_ _ 

^^1?3 10"^' 
" 40320 



T0«2, 



02 IS 
06 = 
OlO = 
Oi4 = 

ai8 = 

022 = 
026 = 
030 = 
034 = 
037 = 
O40 = 

043 = 
047 = 

051 = 
055 = 
059 = 
063 = 
067 = 
070 = 
074 = 
078 = 
082 = 
086 = 
089 = 
093 = 
097 = 
OlOO = 
O103 = 



free, 

252 -402, 

2 12002, 



21 

- 602, 
^ + 602, 
I + 12002, 



47 
504 



+ 402, 



11 _ 8_ 

560 10 "2 5 
Ig5 +602, 
yjj + I802, 

m + 602, 

-m - i2o2, 
11 

140 - —"2, 

9 I 36„ 
28 + -02, 

37 33 
5040 — T0O2, 

17 I 11„ 
140 10 "2, 

§ + 144o2, 

2^ 28802, 



81 



7 



70„ 



+ 1202, 



97 



4(J320 + 5^2, 

315 + 4O2, 
_ 

270 15 "2, 
_ J.„ 

448 2^0 "2 , 

" 2^ + ^"2, 
" 2688 + 40^2, 



03 = 
07 = 

On = 

Ol5 = 
Ol9 = 

023 = 
027 = 
031 = 
035 = 

038 = 
041 = 

O44 : 

048 = 
052 = 
O56 = 
O60 = 
064 = 
068 = 
071 = 
075 = 
079 = 
083 = 
087 = 
O90 = 
O94 = 
O98 = 
OlOl 
Ol04 



0, 

^ + 602, 

= f + 24002, 
_ X 

~ 14' 

= 0, 

= M + 4«2, 
= 0, 

= -f + I2O02, 

- 97 I 22„ 

" 2520 + :5-"2, 
_ 89 I 49 
" T680 To'^2, 

= ^ + 602, 
= 210 + 602, 

= -140 - 36o2, 

= 1^ + 602, 

= -i - 1202, 

- 71 ,36^ 

- T40 + — «2, 
_ jn_ I 36„ 

" 420 5 "2, 

- 73 _ 33 
1008 10 "2, 

= I + 14402, 
= 11 + 14402, 
= 35 + 96o2, 



38 



35 



61 



I6802, 

3 r, 
■ - T0«2, 



13440 
17 , 1 „ 
5040 4 02, 

1 

378 1502, 

_^ J.„ 

2240 20 "2, 

_ __5 1_ 

8064 10 "2, 



23040 ' 



04 = 

08 = 

O12 

OI6 

020 

024 

028 

032 



O45 
O49 
053 
057 
061 
065 

072 
076 
O80 
084 

091 
O95 



Ol05 



-p -402, 
-| - I2O02, 
= $ + 24002, 

= -is - 602, 

= - 24002, 

= -^+402, 

= —12 — 1202, 

_ 3^ 

" 168 5 "2, 



23 



_35 



2402, 
I802, 

+ 602, 

9 _i_ 36„ 
TiO + "5""2, 
13. _ 54^ 

140 5 "2, 
3_ I 36„ 

140 5 "2, 



i + 144o2, 
-g - 144o2, 
^ - 24o2, 

13 _ J_ 

13440 20 "2, 



23 

— T680 — '^2, 
1 _i_ 4„ 
42 + 5^2, 



-i - 14402. 



After plugging these formulas into equation ([2]), the coefficient of 02 is an expression totally 
symmetric with respect to Wi and yV2, which can be written as 



where 



^^(Wl,W2) 

:= \ (( Wi W2 T(7a o 7") ))2 - 6 (( Wi T(7- o W2) 7a ))2 

+3 (( r(7") 7« {Wi o W2} ))2 + 3 (( 7" {la o Wi o W2} ))2 

+3 (( r(7-) ))2 (( 7a Wi W2 7^ 7^3 ))^ - 4 (( Wi r(7°) ))^ (( 7, W2 7^ 7/3 ))^ 

-120 (( Wi T{r) ))2 (( {7a o W2} ))i + 240 ((T(7°) )), {{ {7, o Wi} W2 )), 

+60 (( T(7") ))2 (( 7, Wi W2 7^ ))^ (( 7/3 ))i + 12 (( 7^ ))^ (( 7a 7/3 Wi W2 )) 
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-120 (( nr) ))2 (( la {m o W2} ))i + eo a {Wi o W2} nr) ))2 (( 7a )>i 

+4((Wi {>V2 07"o74))2-^(({Wio>V2} {7"o74))2 

+2 (( 7" ))2 (( 7a {Wi o m} 1^ 7/3 ))^ - 6 (( 7" ))2 (( {7a o 7^} 7/3 Wi W2 ))^ 

+60 (( 7" ))2 (( {7a o Wi o W2} »i - ^ (( Wi W2 7" ))i (( 7a {7^ o 7/3} ))^ 

(( Wi 7" ))i (( 7a W2 {7'' ° 7^ )), + f (( 7" ))l (( 7a 7^" ))^ (( 7/3 W2 7'^ 7m ))o 

- ^ (( 7" )) 1 (( 7a Wi W2 { 7^ o 7^ } )) ^ + 1^ (( 7« )) , 7„ Wi 7 " )) ^ (( 7/3 m 7^ 7/. )) o 

-^((7"))i((7a7^))^((7^WiW27'^7/.))o + 6((Wi7"))i((7a7^ {7^ 0^2}))^ 
+6((7"))i((7aWi7^ {7/3oW2}))^-12((7-)),((7a7''7^))^((7/37MWiW2))o 
+18 (( Wi 7" 7^ ))^ (( 7a {ip o W2} ))i - 18 (( 7" 1^ ))^ {{ 7a 7^^ ))i (( 7/. 7^3 Wi W2 ))o 
-9 (( 7" 1^ ))^ (( 7a 7/3 {Wi o W2} ))i - 6 (( 7" ))i (( 7a 1^ 7^ {Wi o W2} ))^ 
+3 ((7" 7a 7^))^ ((7/3 {>Vion;2}))i + 6((7"7a>Vi7^ ))^ (( {7/3 o W2} ^ 
-3 (( 7" 7a 7^ ))^ (( 7/3 Wi W2 7^^ ))o (( 7m ))i - 12 (( 7" 7a 7^" ))^ (( {7/3 o Wi} W2 ))i 
+y (( Wi W2 7^^ 7^ ))^ (( {7a o 7^} ))i - y (( Wi 7" 1^ ))^ (( 7a 7/3 W2 7'^ ))o (( 7m ))i 
+f (( 7" 7^" ))^ (( 7a 7/3 Wi W2 7^ ))o (( 7m ))i - y (( Wi 7^ 7^ )) ^ (( {7a o 7/3} W2 ))i 
+f (( 7" 7^ ))^ (( 7a 7^ Wi 7^^ ))o (( 7m ))i + y (( 7" 7^ ))^ (( {7a o 7^} Wi W2 ))i 
+^ (( Wi W2 7^^ ))i (( 7a 7^^ 7/3 7^ ))o (( ))i - f (( 7" ))i (( 7a W2 7^^ 7/3 7'' ))^ (( 7m ))i 

-f ((>Vi7"))i((7a7N^7'^))^((7MW2))i + ^((7"))i((7a>Vi>V2 7''7^7^)\((7M))i 
+72 ((7" ))i (( 7a 1^ ))^ (( 7/3 {Wi o W2} ))i + 144 (( Wi 7" ))i (( 7a 7^ ))^ (( {7/3 o W2} ))i 
+144 (( r ))i (( 7a Wi 7^ ))^ (( {7/3 o W2} ))i 
-72 (( 7" ))i (( 7a 1^ ))^ (( 7/3 Wi W2 7'^ ))o (( 7m ))i 

-288 (( 7" »i (( 7a 7^ ))^ (( {7^ o Wi} W2 ))i + 48 (( W, W2 7" ))i (( 1^ ))^ (( {7a o 7^} ))i 

-24 (( Wi r ))i (( 7^" ))^ (( 7^^ »i (( 7a 7/3 7m ^2 ))o 
+6 (( 7" ))i (( 1^ ))^ (( 7^^ ))i (( 7a 7/3 7m W2 ))o 

-84 (( Wi 7" ))i (( W2 7^" ))^ (( {7a o 7/3} ))i - ^ (( 7" 7a {7^ o 7/3} ))^ 

+ ^ (( Wi 7" 7a 7^" )) ^ (( 7/3 W2 7^ 7m ))o - ^ (( 7" 7a 7^" )) ^ (( 7/J Wi W2 7^^ 7m ))o 
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7" la 7^ 7/3 {Wi + \ (( 7" 7a Wi 7^ {7/3 ° >^2} ^ 

■ ^ (( 7" 7a 1^ r )) ^ {{ 70 Wi W2 ))o + ^ (( Wi W2 7" 7^" {7a O 7;3 } 

( < Wl 'Y" -Z'" 'V'" > > « 'V^, 'Vfl Wo »„ + ^ 

15 



Wi 7" 7^ 7^ )) ^ (( 7a 7/3 7/x W2 ))o + - (( 7" 7'' 7^ )) ^ (( 7a 7/3 7m >Vi W2 ))o 
+ 2^ Wi W2 7" 7^ )) ^ (( 7a 7/3 7^^ 7m )> - ^ (( 7" 7^ )) ^ (( 7a 7^ W2 7^^ 7m )) 

^((7"7^))^((7a7/3WiW2 7^7M))o + ^((Wl>V2 7"»i((7a7N/3 7^7M))„ 



3 

+ 



- ^ (( Wi 7" )) 1 (( 7a W2 7^ 7/3 7^^ 7m )) „ + ^ (( 7" » 1 (( 7a Wi W2 7^" 7/3 7^^ 7m 
-72 ((7° ))i ((7a {Wi o W2} 7/3 ))i (( 7' ))^ . (4) 

Note that il(yVi,yV2) only involves data up to genus-2. Combining the above results, we have 
proved the following 

Theorem 2.2 For Gromov- Witten invariants of any compact symplectic manifold, we have 

((r2(Wi)r(W2) 



'3 

5 (( T\wi o W2) »3 -^{{m nr) ))2 (( 7a m 7/3 



3 36 W ;//2\\ /a^^. , ,p 

+ 1^ (( ^(^2) 7" ))2 (( 7a Wi 7^ 7^ ))^ + ^ « ^2 r(7°) ))2 (( 7« Wi 7^ 7^ 

+^ (( r(7") ))2 (( 7a Wi W2 7^" 7/3 ))^ - ^ (( Wi r(7") ))2 (( {7a o W2} ))i 

+^ (( r(W2) 7" ))2 (( {7a o Wi} K + 1^ (( W2 r(7") ))2 (( {7a o Wi} ^ 

+ f (( T(7") ))2 (( {7a O Wl} W2 ))i + 1^ (( T(7") ))2 (( {7a O W2} Wl ))i 

+7 (( r(7°) ))2 (( 7a >Vi >V2 7^" ))^ (( 7/3 ))i - ^ (( Wi T(7") {7^ o W2} ))^ 

+3^ (( r(W2) 7" {7a o Wi} ))2 - ^ (( W2 r(7°) {7« O Wi} ))2 

+^ (( r(7") 7^ ))^ (( 7a 7/3 Wl W2 ))o + ^ (( T(7") 7a {Wl o W2} ))2 

(( T(7") ))2 (( 7a {Wl O W2} K + ^ (( {Wl O W2} r(7") ))2 (( 7a ))i 
+ ^ ((Wl {W2 07"o74))2-^ ((W2 {Wi07"o7j))2 
__L (( {w, o W2} {7" o 7„} ))2 - ^ (( 7° »2 (( 7a {Wl o W2} 1^ 7/3 ))^ 
(( 7" ))2 (( {7a o 7^^} 7/3 Wl W2 ))^ - ^ (( 7" {7a o Wl o W2} ))2 
(( 7" ))2 (( {7a O Wl O W2} ))i + 1^ (( Wl W2 7" ))l (( 7a {7^ o 7^} ))^ 
((Wi7"))i((7aW2 {7^07^}))^-^ ((W2 7"))l((7aWi {7^07^}))^ 
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+ 2io «>^i7"))i((7a7''))^((7/9W27''7M))o+36o «^27"))i((7a7^))^((7/3Wi7'^7M))o 
(( 7" ))i (( 7a Wi W2 {7'' o 7/5} ))^ + (( 7^^ ))i (( 7a Wi 7^ ))^ (( 7/3 W2 7^^ 7m ))o 

+ 1S0 «^"))i((^"^2 7''))^((7/3>Vi7^7m))o-|^ «7"))i((7a7''))^((7/3>Vi>V27'^7/.))o 
(( Wi 7" »i (( 7a 1^ {7/3 ° 1^2} ))^ + 2^ (( W2 7" ))l (( 7a 7^ {7^ o Wi} ))^ 

- f (( 7" ))i (( 7a 7^ 7'' ))^ (( IP 1, Wi W2 ))o + i (( 7" 7^ )) ^ (( 7a {7/3 o W2} K 

+^ (( 7" 7^ ))^ (( 7a {7/3 o Wi} )), - ^ (( r 7^ ))^ (( 7a 1' ))l (( 7m 7/3 Wl W2 ))o 
(( 7" 7^ ))^ (( 7a 7^ {Wi o W2} ))i - ^ (( 7" ))i (( 7a 1^ 7/3 {Wi o W2} ))^ 

+^ (( ))l « ^0 -f^l ° ^^1 + 1^ (( ^« "^1 ))l ° 

+^ (( ^" ^2 7^ ))^ (( {7/3 o Wi} ))i - I (( r 7a 7^ ))^ (( 7/3 Wi W2 7^^ ))o (( 7m ))i 
-3^ (( 7" 7a 7^ ))^ (( {7/3 o Wi} W2 ))i - ^ (( 7" 7a 7^" ))^ (( {7^ o W2} Wl )), 

+ lio (( ))i ° " liO (( ))i ^'^ 

+ ^ (( W2 7° 1^ )) ^ (( 7a 7^ Wi 7^^ ))„ (( 7^ )) ^ + A ^/3 ^ -^^^ ^m )) ^ (( )) ^ 

(( ))l ° " ^ (( ^2 ^" ))l ° 

+4 ((7"7^))^((7a7/3Wi7'^))o((7M>V2))i + ^ ((7"7''))^((7a7/3>V27'^))o((7MWi)K 

" lio (( )) 1 ° ^''^ + llo (( ))o 

+ 55iO «^i^"))i((^«^27''7^7'^))^((7m))i + Y^ ((W27"))i((7aWi7^7^7''))^((7M))i 

(( Wi 7" ))i (( 7a 7^ 7/3 7^^ ))^ (( 7m W2 ))i + 3^ (( 7" ))i (( 7a Wi W2 7^ 7/3 7^ ))^ (( 7m ))i 
+i « 7" ))i (( 7a 7^ ))^ (( 7/3 {Wl o W2} ))i + g (( Wi 7" ))i (( 7a 7^ ))^ (( {7/3 o W2} K 
+1 (( W2 7" ))i (( 7a 7^ ))^ (( {70 o Wi} )), + I (( 7^^ ))i (( 7a Wi 7^ ))^ (( {7^ o W2} )), 
+1 (( 7" ))i (( 7a W2 7^ ))^ (( {7/3 o Wi} )), - I (( 7" )>i (( 7a 7^ ))^ (( 7/3 Wi W2 7^^ ))o (( 7m ))i 

(( 7" ))l (( 7a 7^ ))^ {( {7^ O Wi} W2 ))i - y (( 7" ))l (( 7a 7^ ))^ ({ {7^ O W2} Wi )), 

+§ (( Wi W2 7" )>i (( 7^^ ))^ (( {7a o 7/3} ))i + ^ (( Wi r ))i (( 7^ ))^ (( r ))l (( 7a 7/3 7m ))o 
+ ^ (( W2 7" )) 1 (( 7^ )) ^ (( 7'^ )) 1 (( 7a 7/3 7m Wi )) 
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+ 4^ (( ))i + 4^ (( ))i 

"l^ ((7"7a7^))^((7/3Wi>V2 7^7/.))o-^ ((7"7«7S/3 {WioWa}))^ 

+ 3l5 ((^"^"'^1^'' {7/30>V2}))^ + ^ ((7"7aW2 7^ {7/3°^!}))^ 

- (( 7" 7a 7'' 7'^ ))^ (( 7/3 7,. Wi W2 ))o + ^ (( ^2 7° 7^ {7. o 7/?} ))^ 

(( Wi 7" 7^" 7^^ ))^ (( la IP 7m W2 ))o - ^ (( '^2 7" 7^" 7^^ ))^ (( 7. 7/3 7^ Wi ))„ 
+^ ((7"7''7''))^((7a7/37MWi>V2))o + Y^ ((>Vi>V2 7"7^))^((7a7/3 7'^7/.))o 
"lis ((^i^"7''))^((7a7/3W2 7'^7M»o + ^ ((>^2 7°7''))^((7a7/3>Vi7^7M))o 
+ 2S0 ((7"7''))^((7a7/3>Vi>V2 7^7M))o + ^ ((Wi>V2 7"))i((7.7^7/3 7^7m))^ 
"8^ «Wi7°))i((7a>V2 7''7/3 7'^7/.))^ + 4^ ((W2 7"))i((7aWi7^/3 7'^7M))„ 
+ 2^8 «7"»i((7a>Vi>V2 7''7/37'^7M))^ + ^ ((Wi>V2 7"7.7''7/37'^7m))q 

(( 7" ))l (( la {Wl o W2} 7/3 »i (( 7^ )) ^ + "2 W2) + J^(>V2, Wl)} 

where Wi and W2 are arbitrary vector fields on the big phase space, and 02 is a constant (see 
also the remark after Proposition \2.3\) . 

It is surprising tliat tlie coefficient of 02 in the above formula is completely symmetric with 
respect to Wi and W2 but the formula itself is not symmetric (e.g. 03 = but 05 7^ 0). It is 
also interesting to observe that 

n{Wi,T{W2)) + n{T{W2),Wi) 

is also symmetric with respect to Wi and W2. The proof of this fact, which is omitted here since 
it is quite long, uses all known universal equations of genus < 2. These facts give a hint that 
0(yVi, VV2) + J^(W2, Wi) might be identically equal to 0. We have testified this using a computer 
program involving Gromov-Witten invariants of a point, P^, and P^. In fact, we can prove this 
under the assumption that the intersection pairing on -R'^(A^3,2) x -^^(-^3,2) is non-degenerate. 
We note that this assumption follows from a well known conjecture that the tautological ring 
R*{Mg^n) should be Gorenstein (cf. |FP1] and [P]). It is also remarked in [FPU p4] that 
R*{Mg) is indeed Gorenstein for g < 3. But currently it is not known whether i?*(A^3,2) is 
Gorenstein. 

Proposition 2.3 If the intersection pairing on R^{Ai-i^2) x ^^(-^3,2) is non-degenerate, then 

n{Wi,W2) + n{W2,Wi) = (6) 

for all vector fields Wi and W2. 
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Proof: In [YJ, S. Yang calculated the rank of the intersection pairing on R"^{Ms^2) x -^^(-^43,2) 
to be 104. Each term in equation ([2]) corresponds to an element in i?'^(A^3,2)- So terms in 
equation ([2]) with coefficients ai,...,aio5 give 105 elements in R^{A4s,2)- If the intersection 
pairing on i?^(Al3,2) x -^^(-^3,2) is non-degenerate, there must exist a linear relation among 
these 105 terms. This linear relation gives a universal equation for Gromov-Witten invariants. 
We can add freely any scalar multiplication of this equation to equation ([2]) . By Theorem 12.21 
the only freedom in equation ([2]) is 

a2 {n{Wi,W2) + n(W2,Wi)} . 

Therefore we must have f^(>Vi, W2) + J^(>V2, Wi) = 0. □ 

Remark: By Proposition 12.31 we can set 02 = in Theorem 12.21 if it is true that the 
intersection pairing on R^{^A^^2) x -^^(-^3,2) is non-degenerate. 

Proof of Theorem [Olll We can use Theorem [22] to compute (( r2(Wi)r(W2) and 
T^(yV2)T'(Wi) separately. The difference of these two terms then proves Theorem 10. 1[ 
Note that all symmetric terms in Theorem 12.21 are canceled out in 

(( T\Wi)T{W2) »3 - (( T\W2)T{Wi) »3 . 

This makes Theorem 10.11 a much simpler formula than Theorem 12.21 We would like to point out 
that the proof of Theorem 10.11 does not rely on Proposition 12.31 The reason is that 

a2 {n{m,m) + ^im,m)} 

is symmetric with respect to Wi and W2. So this term is canceled in 

(( T\Wi)T{W2) »3 - (( T\W2)T{Wi) »3 

without using Proposition 12.31 □ 

Remark: It turns out that the genus-3 topological recursion relation proved in |KL] can be 
derived using Theorem 12.21 To see this, let 

be the string vector field, where = *m ~ ^a,i^m,i- Then 

is the dilaton vector field (cf. [Llj for a proof of this fact). Applying Theorem [22] for Wi = T(W) 
and W2 = S, then getting rid of the string and dilaton vector fields by using the string and 
dilaton equations, we can obtain the main result of |KL] . Note that in this derivation, we also 
don't need Proposition 12.31 since we can prove 

n(w, s) + n{s, w) = fi{w, v) + ^{v, w) = o 

directly using the string and dilaton equations. The proofs of these facts are quite long and are 
omitted here. 
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3 New relations in the tautological ring of A^3 2 



Universal equations in Theorems lO.il Theorem l2.2l and Proposition l2.3l corresponds to 3 relations 
in the tautological ring of A^3,2- To describe such relations, we use dual graphs to represent 
strata of Mg^n- We adopt the conventions of [Ge2j for dual graphs with a slight modification. 
We denote vertices of genus by a hollow circle O, and vertices of genus g > 1 hy ®. A 
vertex with an incident arrowhead denotes the ip class associated to the marked point (or a 
node) on the irreducible component associated to that vertex. When translating relations in 
the tautological ring of Mg^n to universal equations for Gromov-Witten invariants, we need to 
divide the coefficient of each stratum by the number of elements in the automorphism group of 
the corresponding dual graph. 

Theorem 12.21 corresponds to a relation representing ViV'2 as a linear combination of 99 
boundary classes on A^3,2- Proposition 12.31 is a linear relation among 69 boundary classes of 
A^3^2- Since these two relations are very long, we will omit their dual graph representations 
in this paper. We only give the dual graph representation for the relation corresponding to 
Theorem 10.11 The other two relations can be similarly recovered from Proposition 12.31 and 
Theorem [221 Let 




15 



41 I 

+ 45 ^ 



16 



-CD 



-® O- 



® ®- 



-® 



-® 



3 ^ 

184 I I 

® ^' 



+ 



® 



3 1 3 





+ 15 ^ 

where i and j label the two marked points (i.e. tails of dual graphs). Then Theorem 10.11 
corresponds to the following 

Theorem 3.1 In the tautological ring of Ad^^2, the following relation holds 

i^ji^2 - 1pl^2 = ^ {^1,2 - G2,l} . 



Appendix 

A Relations among constants ai, . . . , aio5 

The formulas in Lemma [2.1l are obtained by solving a system of 104 linearly independent relations 
among constants ai, . . . , aios in equation ([2]). These relations are obtained by using Gromov- 
Witten theory of a point and P^. In this appendix, we list all these relations and indicate how 
they are obtained. 

A.l Relations from the Gromov-Witten invariants of a point 

From <I>(to, r5)|t=o = 0, we obtain 



= h ain4 

288 1152 288 1152 24 24 24 

77 



414720 

From $(ri,T4)|t=o = 0, we obtain 



(7) 



n ^2 , 05 , ^6 , «84 , 086 , ^92 ag4 

° - 96 + 1152 + 384 + + ^ + + ^ + ^'^ 



16 



Prom $(r2,r3)|t=o 



From $(r3,T2)|t=o 



Prom $(r4,ri)|t=o 



_ 503 
1451520 ■ 

0, we obtain 



= 



29a2 033 062 7 084 , 7092 , Ugg , Oioi 

1440 576 576 



24 



+ 



24 



■+2I + 



24 



■ + 10oio4 



607 



= 



1451520' 
0, we obtain 

29a2 , 034 , ogi 7a84 , 7o92 , 097 0102 , 

+ ^ + 576 + ^ + ^ + ^ + ^ + '''^^«^ 



1440 
503 



576 



1451520' 
= 0, we obtain 

02 ^ 

96 1152 
77 



04 084 , 085 , O92 , ^3 , c 

+ 384 + -6-+ 24 +-6-+ 24 



From $(r5,ro)|t=o 



414720 

0, wc obtain 







02 Ou 
288 ^ 288 



0-23 084 089 O92 _ 5 

1152 24 24 24 82944' 



From TQ^{TQ,To)\t=o = 0, we obtain 
77oi , 5o2 



= 



+ 



■ + 



414720 ' 1152 ' 1152 

024 , 025 , 029 



^ 5ai4 ^ 5oi5 ^ 5ai6 ^ Soig 5aig 



1152 1152 1152 



1152 

+ Ol04 — 



+ 



1152 

092 



+ 



023 

1152 



1152 
77 



084 088 089 ^90 

1152 24 24 24 24 24 



69120 

Prom r5$(ro, ri)|t=o = 0; we obtain 

5o2 03 ^ 04 







+ 



^ , Ol5 5ai6 017 024 Q28 

288 288 288 90 288 288 288 1152 

O30 , 5084 085 5O90 , Ogi 5092 O93 



1152 
17 



+ 



24 



+ 24 + 



24 



+ 24 + 



24 



+ 2? + ^^^^"^ 



5760' 

Prom r4$(ro, T2)|t=o = 0, we obtain 

_ 1102 _07^ On 
288 384 9216 

055^ a6]_ ll084 

576 576 24 

0102 ^ ^ , 1121 
+ ^T-;- + 15oio4 — 



960 



288 



II024 034 042 
1440 576 576 



087 IIQ90 II092 095 097 
24 24 24 24 24 



24 



241920 ' 



17 



From Ts^{To,T3)\t=o = 0, we obtain 



_ 29a2 17ai5 29ai6 29a24 a32_ 033 047 «62 

576 960 576 2880 576 576 576 576 

065 7a84 7a9o 7a92 093 099 aiop Qioi 

576 1^ 1^ 1^ 24 24 ~24 '2A 
1121 

+ 20aio4 - 



241920 

From T2^{TQ,T/^)\t=o = 0, we obtain 



I - -^^"2 Q5 _«6_ a9 Qio , ^ , 11Qi6 11^24 
288 1152 384 27648 9216 90 288 1440 

Q37 Q44 a53_ «57 11^84 086 HoqO 11^92 

576 576 576 576 24 24 24 24 

, 094 , 096 , oioa ^ _ 17 
+ -— - + -— - + — — + 15aio4 



24 24 24 5760 
From T5$(ti, ro)|t=o = 0, we obtain 



5o2 ^ _a5_ _^ _a6_ _^ 5ai4 ^ 017 _^ 023 _^ Q27 _^ 028 



288 288 288 288 288 288 1152 1152 
, 030 , 5a84 , O86 , 5a89 , 091 5092 094 
+ 1152 + ^+ 24 + ^+24 + ^+24 ^^'^^"^ 
503 



241920 

From r4$(ri, Ti)|t=o = 0, wc obtain 

- ^ + 11"3 I ^ I 11"5 I ^ I I 5084 085 

96 1440 96 1440 96 192 6 6 
O86 , 087 , 5a92 , 093 094 a95 1121 

+ "6" + l2 +"6" + "6" + "6" + l2 +^°"^°^" 241920- 
Prom r3$(ri,r2)|t=o = 0, we obtain 

_ 29a2 29a5 29a6 032 034 a36_ 06]_ oea 

288 2880 1440 288 192 576 192 576 

Q65 35a84 7a86 35a92 7094 097 099 qioq 

288 24 24 ~^ ~8~ I2" 



, 0102 . 583 
H 1- 60aio4 



f) 96768 
Prom T2^{T\,Tz)\t=o = 0, we obtain 



_ 29a2 II05 29a6 033 037 039^ 057 059 

288 1440 1440 288 192 576 192 576 

Q62 35a84 7a86 35a92 7094 age 093 oipi 

288 24 24 ~^ ~8~ I2" 

^ «i03 ^ 1121 
H — 7, — I- 60aio4 - 



241920 



18 



From r4$(r2, ro)|t=o = 0, we obtain 



Q _ lla2 07^ Q12 llai4 11^23 033 «41_ 056 

288 384 9216 288 1440 576 576 576 

062 ll084 087 , HOSQ . 11^92 Oflo "OS QlOl 

576 24 24 24 24 24 24 24 
607 

+ 15aio4 



241920 

From T3<I>(t2, ri)|t=o = 0, we obtain 



Q _ 29a2 29a3 29a4 032 033 a35_ 062 om 

~ 288 2880 1440 288 192 576 192 576 

Q65 35a84 7a85 35a92 Toga Ogs Ogg Oioo 

288 24 24 ~8~ ~8~ I2" 

oioi ^„ 1121 
H — 7; — I- 60aio4 — 



6 241920 
Prom T2^{T2,T2)\t=o = 0, we obtain 



Q _ 702 O33 034 037 057 a61_ 062 067 

48 144 144 144 144 144 144 576 

, O68 , 069 , 083 096 , O97 O98 

H h 2a84 + 2aQ2 H 

576 576 13824 ^^ 6 6 6 

, Oioi O102 , O103 , „„ 1121 

H — : — \ — : — I — : — h 90aio4 



1 I 1 241920 

Prom r3$(r3, To)|t=o = 0, we obtain 

_ 29a2 29ai4 29a23 032 034 045 a6]_ 055 

576 576 2880 576 576 576 576 576 

7a84 , 7a89 7a92 Ogy Ogg Oioo , Oi02 , 

H h 20aio4 

12 12 12 24 24 24 24 " 

503 



241920 

Prom T2^{Ts,Ti)\t=o = 0, we obtain 



_ 29a2 II03 29a4 034 037 033 057 053 

288 1440 1440 288 192 576 192 576 

Q61 , 35a84 7a85 35a92 7093 age 097 0102 

288 24 24 24 24 8 8 12 

, OlOS , 17 

H 1- 60aio4 



f) 5760 
Prom r2$(r4, ro)|t=o = 0, we obtain 



_ lla2 03 _0£ 08 llou II023 037 043 

288 1152 384 9216 288 1440 576 576 

052_ 057 ll084 085 HOSQ II092 093 Oge 

576 576 24 24 24 24 24 24 

. 0103 , , ^ 77 
+ + 15aio4 — 



24 " 69120 
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From r3r4$(ro,ro)|t=o = 0, we obtain 



_ 1121ai 17a2 _07_ an ai2 17ai4 17ai5 17ai6 

~ 241920 160 384 9216 9216 160 160 160 

17ai8 17ai9 020 17a23 17a24 17a25 17a29 032 

160 160 9216 960 960 960 960 576 

Q33 Q34 Q4I Q42 0-46 Q47 Q49 Q5I 

576 576 576 576 576 576 576 576 

055 Q56 Q6I ^62 Q65 25o84 087 25a88 

576 576 576 576 576 24 ^ 24 

25a89 25a9o 25a92 095 097 093 099 aiop 

24 24 24 ^ 24 24 24 '2A 

, oioi , ai02 , oc- 1121 
+ -^Ti- + -^zv + ^5aio4 



24 24 " 34560 

From T2T5^(To,To)\t=o = 0, we obtain 



17ai ao 03 Ua 05 Or Oa 09 



5760 15 288 288 288 288 6912 6912 

_|_ _|_ ^ _|_ ^ _|_ ^ _|_ "17 _|_ ^ ^ ^ _|_ O21 



6912 15 15 15 288 15 15 6912 

Q22 023 O24 O25 026 027 O28 029 

6912 90 90 90 1152 1152 1152 90 

030 031 037 043 044 050 a52_ 053 

1152 27648 576 576 576 576 576 576 

O57 I 2a84 085 086 2a88 2a89 2a9o Ogi 

576 3 24 24 3 3 3 24 

, 2a92 093 094 096 , O103 , „T 119 

H r 1- TTT + TTT + TTT + -^TT + 21Ol04 



:i 24 24 24 24 5760 

Prom TsT3^{To,Ti)\t=o = 0, we obtain 

_ 29a2 29a3 29a4 109ai5 29ai6 29ai7 29a24 29a28 
~ ~96~ ^ "576" ^ "576" ^ 576 ^ 96 ^ 576 ^ 576 ^ 2880 

29ra30 032 O33 ^35 047 Q48 062 064 

2880 96 96 288 96 288 96 288 
065 , 7a84 7a85 7a9o 7a9i 7a92 7093 093 
96 2 12 2 12 2 12 4 

, 099 aioo , oioi 205 
+ H ^ 1 — n ^ 140aio4 



3 4 3 3456 
From T2Ti^(To,Ti)\t=o = 0, we obtain 

lla2 llaq lla,/! llac: or 0,7 llaq o,m 

= — 7^ + -7777^ + ^ + TTT^ + 77^ + 77^ + TTTTT^ + 



48 288 288 1440 96 128 34560 2304 
on oi3 7ai5 llaie II017 IIQ24 II028 II030 

4608 9216 48 48 288 288 1440 1440 

034 037 038 042 044 045 053 Q54 

288 144 576 288 144 576 144 576 

055_ O57 a58_ a6]_ ll084 ll085 Ose 087 

288 144 576 288 4 24 6 8 

11 090 II091 II092 11093 O94 095 Oge 097 
4 24 4 24 ~6~ ~8~ ~6~ ~8~ 
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, aio2 , 5aio3 ^ 53 
+ -TTT + — ^ 105oio4 - 



12 24 " 1152 

Prom r2T3$(To, r2)|t=o = 0, we obtain 

_ 5a2 29a5 29ae 29a7 29a9 29aio 29aii 109ai5 
~l2'^ 2880 1440 1440 69120 34560 34560 576 

5ai6 5 024 032 033 7q34 036 7a37 040 

12 72 144 144 576 576 576 576 

7a42 7a44 047 7053 7055 7057 oeo 7a6i 

"576 ^76" 144 "576 ^76 "576 576 ^76" 

_l_ 062_ Q63 _|_ 065_ _|_ 067 Q68 _|_ 069 _^ Q73 _|_ O77 



144 576 144 576 576 576 13824 13824 

083 59084 7a86 7a87 59090 59092 7094 7095 

13824 12 24 24 12 12 24 24 

7o96 7a97 Ogs 099 Oloo Oloi 5oi02 5ai03 

^ ~6~ X ~6~ ^ 12 12 

205 

+ 210aio4 



3456 

Prom r2T2$(To,r3)|t=o = 0, we obtain 



- ^ + -^-'-"5 I 29a6 II09 29oio 7ai5 5ai6 5a24 

~ 12 720 720 17280 17280 48 12 72 

032 033 7o37 039 7a44 047 7053 7a57 

144 144 288 288 288 144 288 288 

O59 062 0-65 Q66 O70 075 Q79 59084 

288 144 144 288 288 6912 6912 12 

7086 59090 59092 7q94 7 096 Ogs Ogg Oiqo 

12 12 12 12 12 4 6 4 

0101 5aio3 53 
+ — ^ \ 7^ \- 2IO0104 - 



6 6 1152 

Prom T3r3$(ri, ro)|t=o = 0, we obtain 

^ _ 29o2 2905 29o6 29ai4 29oi7 29a23 29a27 29a28 
~ ~96~ "^ "576" "576" ^ 96 576 576 2880 ^ 2880 

29030 032 034 O36 046 , 048 Ogl O63 

2880 96 96 288 96 288 96 288 

065 7084 7086 7o89 7o9i 7092 7094 O97 

96 2 12 2 12 2 12 4 

, 099 oioo 0102 , T .„ 583 
+ H z — \ — 7: — I- 1400104 



3 4 3 13824 
Prom r2T4$(Ti, ro)|t=o = 0, we obtain 

^ _ II02 _^ II03 _^ ^ _j_ IIQ5 _|_ II06 _|_ _a7^ 08 012 



48 1440 96 288 288 128 2304 4608 

013 IIO14 IIO17 11023 IIQ27 11Q28 IIQ30 O33 

9216 48 288 288 1440 1440 1440 288 

Q37 039 041 Q43 Q45 052 Q54 Q56 

144 576 288144 576144 5^ 
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, 057 , a59_ a62_ 11Q84 085 HQSG «87 HQSQ 

144 576 288 4 6 24 8 4 

IIqqi 11Q92 093 IIQ94 095 age Ogs QlOl 

24 4 ~6~ 24 ~^ ~6~ ~8~ IT 

5aio3 1121 
H — h 105aio4 



24 34560 
Prom r2T3$(Ti,ri)|t=o = 0, we obtain 

_ 29a2 503 29a4 5a5 29o6 29a7 032 Q33 

48 72 288 72 288 720 96 96 

034 a35_ 036_ 037 a38_ a39_ 040 057 

96 288 288 48 192 192 288 48 

Q58 Q59 , 060 Oei 062 0-63 064 065 

192 192 288 96 96 288 288 96 

35a84 35a85 35a86 7a87 35a92 35a93 35a94 7095 

4 24 24 12 4 24 24 12 

096 3a97 3a98 099 aioo oioi 0102 5aio3 

^ ~8~ ~8~ ^ ^ ~3~ ~3~ 6 

205 



+ 420aio4 



3456 

From T2T2$(ri, T2)|t=o = 0, we obtain 



7a2 5a5 7ae 032 Q33 034 035 037 
8 72 48 72 36 36 144 18 

O39 , O57 059 Oei 062 063 065 , 066 

72 18 72 36 36 144 72 144 

, 067 , 068 , 069 , O70 079 081 Ogs 

H h 12a84 

144 96 144 96 3456 6912 3456 

10 ,10 10 , ^^^96 , 2a97 ,'^99, Oioo 

+ 2a86 + 12a92 + 2094 + — ^ + + 093 + -^ + 

5aio2 5aio3 205 
+ Old H z 1 7: 1- 630aio4 — 



4 2 " 3456 

Prom r2T3$(T2, ro)|t=o = 0, we obtain 

5a2 29a3 29a4 29a7 29a8 29ai2 5044 5023 

~ 2880 ^ 1440 ^ 1440 ^ 34560 ^ 34560 ~^ ~[2 ^ ~Tl 

032_ 7033 034 035^ 7a37 040 7a4i 7a43 

144 576 144 576 576 576 576 576 
046 7a52 7a56 7a57 a60 a6]_ 7a62 054 
144 W W W 576 144 W 576 

a65_ 067 068_ 069 O72 O78 083 59a84 

144 576 576 576 13824 13824 13824 12 

7o85 7a87 59a89 59a92 7a93 7095 7a96 097 
24 24 12 12 24 24 24 6 

7a98 , 099 aioo , Soioi , 0102 , 5aio3 , 1121 

H V 210aio4 . 

24 4 6 12 4 12 " 34560 

Prom r2r2$(T2, ri)|t=o = 0, we obtain 

0-1^ + ^ + 1^^ + ^ + !^ + ^^ + 035 037 

8 72 48 72 36 36 144 18 
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0-38 ^57 058 ^61 ^62 ^64 ^65 Q66 

72 18 72 36 36 144 72 144 

067 Q68 Q69 «70 Q79 ^80 ^83 

96 144 144 96 3456 6912 3456 "^"^ 

I o I 10 I o I '^'^96 , , 2a98 agg Oioo 

+ 2a85 + 12a92 + 2093 + — ^ + 097 + + + 
. 5aioi 5aio3 . „„„ 53 

H ^ + 0102 H ^ 1- 630aio4 - (39) 



Prom r2T2$(T3, ro)|t=o = 0, we obtain 

- ^ + 11»3 29a4 29a8 Sou 5a23 032 034 
12 720 720 17280 12 72 144 144 
7a37 038 7a43 046 7052 7o57 058 a6i_ 

288 288 288 144 288 288 288 144 

065 066 070 074 07g 59Q84 7q85 59Q89 

144 288 288 6912 6912 12 12 12 

590g2 7og3 7og6 ag7 Ogg Oiqq Qi02 5ai03 

12 12 12 4 6 4 6 6 
119 

+ 2IO0104 • (40) 

5760 ^ ' 

From T2T3Ts^{To,To)\t=o = 0, we obtain 

^ 205oi 76302 2903 29o4 29o5 29o6 29o7 29o8 



3456 576 576 576 576 576 720 13824 

2909 29aio 29aii 29ai2 763ai4 763ai5 763ai6 29ai7 

13824 ^ 13824 17280 17280 576 576 576 576 
763oi8 763oig 29o2o 29o2i 29o22 109023 109o24 IO9025 

^ 576 ^ 576 ^ 17280 ^ 13824 ^ 13824 ^ 576 ^ 576 ^ 576 

29o26 29o27 29o28 109o2g 29q3o 29q3i 7q32 7033 

2880 2880 2880 576 2880 69120 288 288 

7034 O35 036^ 7037 O40 7o4i 7o42 7q43 

288 288 288 288 288 288 288 288 

7o44 7046 , 7047 O48 7O49 7o5o 7q5i 7q52 

288 288 288 288 288 288 288 288 

7o53 7055 7056 7o57 Oeo 7061 7062 063 

288 288 288 288 288 288 288 288 

+ ^6£ _|_ 7065 _|_ 067 _|_ 068 _|_ 069_ _|_ O71 ^ O72 , O73 



288 288 288 288 288 6912 6912 6912 

Q77 078 083 40084 7085 7o86 7o87 40o88 

6912 6912 6912 3 12 12 12 3 

40089 400go 7ogi 40og2 7og3 7o94 7o95 7og6 

3 3 12 3 12 12 12 12 

7o97 7098 , 5099 7aioo , 5oioi , 5aio2 , 5aio3 , _„„ 

+ l2- + ^ + -6- + ^ + -6- + -6- + -6- + ''°'^^°^ 
_ 205 

432' 

Prom T2T2T4^{To,To)\t=o = 0, we obtain 

_ 53oi 49o2 II03 II04 II05 II06 , ^ , llos 
~ 1152 48 144 144 144 144 64 3456 



(41) 
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llgg llQio Qii ai2 Qi3 49ai4 49ai5 49ai6 

3456 3456 2304 2304 4608 48 48 48 

llai7 49ai8 49ai9 Q20 lla2i IIQ22 7q23 7a24 

144 48 48 2304 3456 3456 48 48 

7a25 11Q26 11«27 11028 7a29 llaso ll«3i 032 

48 720 720 720 48 720 17280 144 

Q33 Q34 IIQ37 Q38 Q39 Q41 Q42 IIQ43 

144 144 288 288 288 144 144 288 

11 044 045 a46_ 047 Q49 IIQ50 Q51 IIQ52 

288 288 144 144 144 288 144 288 

11053 Q54 a55_ _a56 IIQ57 _a58 Q59 Qei 

288 288 144 144 288 288 288 144 

a62_ «65_ Q66 CtTO ^74 Q75 ^79 125a84 

144 144 288 288 6912 6912 6912 12 
11 085 11Q86 , ^ , 125a88 125a89 125090 11Q91 125a92 
12 12 4 12 12 12 12 12 

11093 IIQ94 095 11^96 0^7 098 099 QlOO 

12 12 X 12 ~ X ~6~ ~ 

, oioi 0102 , 5aio3 , , "105 53 

H h 42O0104 H . 

6 6 4 " 6912 144 

Prom r2T2r3$(ro,ri)|t=o = 0, we obtain 

35o2 503 504 5o5 29a6 29a7 509 29aio 

~ X~ T2" T2" "36" 144 ^ 240 864 3456 

29qii 29ai3 llai5 35ai6 5ai7 5q24 5q28 5a3o 

8640 17280 6 12 12 12 72 72 

7032 7033 7034 , ^ , , 35037 7q38 039 

144 144 144 72 144 288 288 96 

040 7q42 35Q44 7o45 7O47 043 35Q53 7o54 

96 144 288 288 144 72 288 288 

7055 35O57 7q58 059 Ogo 706l 7oe2 Q63 

144 288 288 96 96 144 144 144 

-I- ^ -I- '^"65 _|_ ^66 _|_ «67 _|_ «68 _|_ 069 _|_ ^70 _|_ ^73 



72 144 96 96 144 144 72 3456 

(175 a-76 a77 Q79 Q'80 083 41 3o84 5 9 085 

2304 6912 3456 2304 6912 3456 12 12 

35086 7087 413O90 5909i 413092 59Q93 35094 7o95 

12 4 12 12 12 12 12 4 

35096 , 7097 17098 , 23o99 17oioo , 23oioi , 5oi02 , _ 

+ X2- + ^ + X2- + X2- + X2- + X2- + ^ + ^^^°=^ 
193 

+ 1680O104 - — . 



Prom r2r2r2$(ro,r2)|t=o = 0, we obtain 



^ _ 49q2 505 Tog 707 Sag 7oio 7oii II015 

12 24 16 48 576 384 1152 6 

49ai6 . 7o24 032 033 034 036 037 039 

12 X" l2" l2" l2" 48 X 24 
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040 ^42 ^44 047 ^53 «55 «57 «59 

48 12 4 12 4 12 4 24 

060 Oei 062 063 065 066 067 Q68 

48 12 12 48 12 24 48 32 

069 Q-73 075 Q77 079 Q81 Q82 

48 16 1152 576 1152 576 2304 2304 
+ + 48084 + 6086 + 2o87 + 48o9o + 48092 + 6094 + 2095 

+ 6096 + 2097 + 3a98 + 3099 + 3aioo + 3aioi + ^^^91 + l^^ios 
193 

+ 2520O104-— . 



Prom T2T2T2^{Ti,Ti)\t=o = 0, we obtain 



_ 49o2 Toa 704 Tos Toe 7a7 032 Q33 

~ 8 12 8 12 8 24 8 6 

034 035 036 5O37 038 039 O40 5057 

6 24 24 12 12 12 24 12 

O58 O59 060 Oei 062 063 064 065 

12 12 24 6 6 24 24 8 

_|_ _)_ _|_ ^ ^ '^80 , 0-81 



16 16 16 24 8 384 1152 1152 

+ ^ + ?S + 84084 + 12085 + 12086 + 4o87 + 84o92 + I2O93 

1152 576 

+ 12094 + 4095 + 10096 + 6097 + 6098 + 6099 + + 1^^121 

15oi02 ^ 45oi03 , rnAn 

-\ 7: h 5040oio4 — 7::^. 

2 2 288 

From T2T2T2^{T2,To)\t=o = 0, we obtain 

^ ^ 49q2 ,^,1^,1^,1^, 7oi2 490i4 7023 
~ 12 24 16 48 384 1152 12 12 



+ 


032 
12 


+ 


033 
12 


+ 


034 

12 


+ 


0-35 
48 


+ 


037 
4 


+ 


038 
24 


+ 


040 
48 


+ 


041 
12 


+ 


043 
4 


+ 


046 

12 


+ 


052 
4 


+ 


056 
12 


+ 


057 
4 


+ 


058 

24 


+ 


O60 
48 


+ 


O61 
12 


+ 


062 


+ 


064 


+ 


065 


+ 


O66 


+ 


067 


+ 


O68 


+ 


069 


+ 


070 


12 


48 


12 




24 


32 


48 


48 


16 



072 074 Q78 O79 O80 082 083 . 

1152 576 1152 576 2304 2304 1152 "'^^ 
+ 6o85 + 2o87 + 48o89 + 48092 + 6093 + 2095 + 6096 + 3097 

15Ol01 „ 45Ol03 r>t-r>r. 

+ 2098 + 3o99 + 3aioo H h 3oio2 H -. h 2520oio4 - 777- 

4 4 144 

Prom T2T2T2T3^{To,To)\t=o = 0, we obtain 

193oi 44a2 5o3 5o4 5o5 5o6 6I07 5a8 

= H -I --\ -\ -\ -\ H 

288 3 4 4 4 4 120 96 

509 5oio 31qii 3I012 29qi3 44oi4 44oi5 44oi6 

96 96 1920 1920 5760 3 3 3 

5ai7 44oi8 44oi9 31a2o 5a2i 5o22 IIQ23 II024 

4 3 3 1920 96 96 6 6 
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Ila25 5a26 5a27 5a28 lla29 5a3o 6031 11032 

6 24 24 24 6 24 576 48 

11033 11034 I ^ I ^ , 59Q37 7a38 7039 5a4o 

48 48 24 24 96 96 96 96 

11041 IIQ42 59Q43 59044 7045 11046 IIQ47 048 

48 48 96 96 96 48 48 24 

11 049 59050 II051 59052 59053 7o54 II055 II056 

48 96 48 96 96 96 48 48 

59O57 7058 7059 5060 II06I 11062 063 064 

96 96 96 96 48 48 24 24 

ll065 7066 5067 5068 , ^ , 5o7o 071 072 

48 96 96 96 24 48 576 576 

_|_ _|_ '^"''4 _(_ '^Q75 _|_ Q76 _|_ «77 _|_ a78_ _|_ ^079 ^ O80 



576 2304 2304 2304 576 576 2304 2304 

O8I 082 083 605084 59o85 59o86 29o87 605o88 

2304 2304 576 4 "^4 4 4 4 

605o89 605o9o 59091 6O5092 59093 59094 29095 59o96 

^ 4 ^ 4 ^4^ 4 + 4^4^4^4 

29o97 29o98 , 35099 29oioo , 35oioi , 35oio2 , 105aio3 , ^r-^n 
H 1 1 1 1 1 1 h 7560oio4 



+ 



4 4 
7oio5 193 



2304 32 
From T2T2T2T2^{TQ,Ti)\t=Q = 0, we obtain 

_ 98o2 49o3 49o4 Tos Toe 7a7 Tog 7oio 

~ 3 12 12 3 2 4 72 48 

7aii 7oi3 245oi5 98ai6 49oi7 49o24 7o28 7o3o 

144 288 12 3 12 12 12 12 

2032 2033 2034 O35 O36 038 , 039 

+ ^ + ^ + 2044 + ^ + ^ + ^ + 2053 + ^ 
4 3 3 3 6 3 

, 2055 , ^^58 , 059 , ^60 , 2o61 2o62 , 053 

+ ^ + 2057 + ^ + ^ + ^ + ^ + ^ + -^ 

2065 066 067 «68 «69 5o7o O73 

+ .+ „ + „+ '+4 + 6+ 8 +144 



064 


+ 


2065 Ogg 

3 3 


+ 


067 


~6~ 


4 


075 


+ 


«76 077 

288 144 


+ 


079 


72 


72 



i^80 0^81 082 083 
+ — + + + — + — + — + — + — 

72 288 144 72 288 288 192 144 

+ 384o84 + 48o85 + 48o86 + 24o87 + 384o9o + 48o9i + 384o92 + 48093 
+ 48094 + 24o95 + 48o96 + 24o97 + 24o98 + 3O099 + 24oioo + 30oioi 

1225 

+ 3O0102 + 105O103 + 22680O104 - -j^- 

From r2r2T2r2r2<J>(ro,ro)|t=o = 0, we obtain 

_ 1225oi 735o2 245o3 245o4 245o5 245o6 35o7 245o8 

~ 144 4 12 ^ 12 ^ 12 ^ 12 ^ 288 

245o9 245oio 35aii 35oi2 35oi3 735oi4 735ai5 735ai6 

288 288 144 144 288 4 4 4 
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245ai7 735ai8 735ai9 35a2o 245a2i 245a22 245a23 245a24 

12 ^ 4 ^ 4 144 288 288 12 12 

245o25 35a26 35a27 35a28 245a29 35a3o 35a3i 10032 

12 12 ^ 12 12 ^ 12 288 3 

10033 , 10034 , 5035 5036 , , 5038 8039 8040 

3 3 6 6 3 3 4 

IO041 10042 , 5045 IO046 , 10047 , 5048 

+ ^ + ^ + 10043 + 10044 + ^ + ^ + ^ + -^ 

+ ^ + 100,0 + ^ + 10052 + 100,3 + ^ + ^ + ^ 

5058 , 5059 5O60 , lOogl , 10062 , 5063 , 5064 
+ 10057 + ^ + ^ + ^ + ^ + ^ + -^ + -^ 

10065 5066 5067 5068 5o69 25q7o 6071 6072 

3 ~3~ ^ ~6~ 8 I44 I44 

5073 5074 5 075 5 076 5 077 5 078 6079 5O80 

144 72 72 288 144 144 72 288 

+ ^ + 1^ + IIT + 1920O84 + 240085 + 240086 + 120o87 + 1920o88 
Zoo iyz 144 

+ 1920O89 + I92O090 + 240091 + I92O092 + 24O093 + 24O094 + I2O095 + 240O96 
+ I2O097 + I2O098 + I5O099 + I2O0100 + ISOoioi + I5O0102 + 525oio3 + 113400oio4 
5oio5 _ 6125 
72 72 

A. 2 Relations from the Gromov-Witten invariants of a CP^ 

From the degree part of $(to,o, T2,i)|t=o = 0, we obtain 

Q _ 709 7oio 075 079 082 ^ 31 



138240 46080 13824 13824 13824 96768 
Prom the degree part of $(ro,o, T3,o)|t=o = 0, we obtain 

_ 702 Q9 Qio 7oi5 7oi6 7o24 037 044 
~ 720 5760 1920 2880 720 2880 288 288 

_l_ Q53 _|_ 057 ^ 070 ^ Q75 _j_ 0,79 2329 



288 288 288 6912 6912 1451520 
Prom the degree part of 3*(ti,o, Ti^i)|t=o = 0, we obtain 

g _ Q79 «80 «81 082 Q83 _^ 31 



6912 13824 13824 6912 13824 96768 
From the degree part of $(ri,o, T2,o)|t=o = 0, we obtain 

g _ 702 705 Toq a33_ , ^ , ^ + — + — 

~ 240 2880 960 288 96 288 96 288 

062 067 «70 079 081 O83 1501 



288 288 96 3456 6912 6912 725760 
Prom the degree part of ^*(ri,i, ri,o)|t=o = 0, we obtain 

— "79 _ 080 081 _ 082 _ Q83 _|_ 31 



6912 13824 13824 6912 13824 96768 
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From the degree part of $(t2,0) ''"o,i)|t=o = 0, we obtain 

^ _ 7as 074 Q79 as2 ^ 31 



46080 13824 13824 13824 193536 
From the degree part of $(t3^0! ''"o,o)k=o = 0, we obtain 

Q _ 702 as 7ai4 7a23 037 043 052 057 
~ 720 1920 720 2880 288 288 288 288 
070 Q74 079 205 



288 6912 6912 290304 
Prom the degree part of r3,i$(To,o, To,o)|t=o = 0, we obtain 

3I01 708 709 7oio 7021 7022 7o3i 



= -- 



96768 34560 34560 34560 34560 34560 138240 

074 075 079 082 ai05 _|_ 31 



13824 13824 13824 13824 13824 16128 

From the degree part of T4^o^(''"o,0! ''"o,o)|t=o = 0, we obtain 

_ 2329oi 702 as Q9 Qio 7oi4 7oi5 7oi6 
~ 1451520 576 1440 1440 1440 576 576 576 

7oi8 7oi9 O21 Q22 7023 7024 7o25 7o29 

576 576 1440 1440 2880 2880 2880 2880 
Q31 037 Q43 Q44 050 Q52 Q53 057 

5760 288 288 288 288 288 288 288 

_l_ Q70 _|_ Q74 _|_ a75 _^ Q79 _|_ ai05 2329 



288 6912 6912 6912 6912 241920 
Prom the degree part of r2,i$(To,o, Ti^o)|t=o = Oj we obtain 

7o9 7oio 7oii 7ai3 073 075 075 







23040 11520 46080 46080 13824 4608 13824 

077 079 O8O agl 082 083 _|_ 31 



13824 4608 13824 13824 4608 13824 10752 

From the degree part of T3^o*^*(to,0) ''"i,o)|t=o = 0, we obtain 

_ 7o2 703 704 43q9 oio On Qia 7oi5 

~ 144 720 720 34560 480 1920 1920 288 

7oi6 7qi7 7024 7028 7030 034 «37 038 

144 720 720 2880 2880 288 72 288 

^42 044 045 O53 O54 O55 057 O58 

288 72 ^ 72 288 288 72 2^ 

_l_ a6i_ _|_ O68 _|_ 070 ^ 073 ^ 075 _|_ 076 _|_ 077 ^ 079 



288 288 72 6912 2304 6912 6912 2304 



6912 6912 48384 

Prom the degree part of r2,o^(To,o, T2,o)|t=o = 0; we obtain 

_ 702 7o5 Toe 7a7 31a9 221oio 7oii 7oi5 
~ 96 2880 960 960 23040 69120 23040 288 
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7ai6 7a24 Q32 033 o^z a39_ Q40 044 
~96~ 480" 288 288 48 288 288 48 

Q47 053 057 059 060 062 a65_ Q66 

288 48 48 288 288 288 288 288 
a67_ 070 073 Q75 Q77 «79 asi Q82 
288 48 6912 1152 6912 1152 6912 2304 
^_J59__ 

6912 48384 ^ ' 

Prom the degree part of r2,i$(Ti^0) 'ro,o)|t=o = Oj we obtain 

— '7^8 _ 7ai2 _ 7ai3 _ 072 _ 074 _ Ct76 _ ^78 
11520 46080 46080 13824 4608 ~ 13824 13824 

_ Q79 «80 osi a«2 Q83 31 

4608 ~ 13824 ~ 13824 ^ 4608 ~ 13824 16128" 

From the degree part of r2,o^(Ti,0) Ti,o)|t=o = 0, wc obtain 

- + + + + + + ^ + ^ 
~ 48 480 240 480 240 480 144 96 

034 a35_ a36_ «37 , «38 , ^39 «40 ^57 

96 288 288 24 96 96 144 24 



«38 


+ 


039 


+ 


«40 


96 


96 


144 


062 


+ 


^63 


+ 


^64 


96 


288 


288 



a52 


053 


057 


288 


288 


288 


082 


ag4 

+ + 
6 


«88 


13824 


6 



(62) 



^58 059 060 ^61 062 063 064 065 

96 96 144 96 96 288 288 144 

066_ 068 069_ «70 , SoyQ Ogp Qsi 

144 96 96 288 24 3456 1728 1728 
^ 5a83__859_ 

1152 6912 48384 ^ ' 

Prom the degree 1 part of T5^i$(to,o, 7"o,o)|t=o = 0, we obtain 

Q _ Oi _ 02 _ _08 09_ _ Oio 7oi4 015 70i6 

~ 30240 2880 11520 11520 11520 2880 192 2880 

7oi8 Oi9 ^ 021 022 O23 Q24 O25 O29 

2880 192 ~ 11520 ~ 11520 960 960 960 960 

_ 031 ^ 037 ^ 043 ^ 044 ^ 050 

46080 ~288~288~288~288 

070 O74 O75 O79 082 084 OgS Ogg 

288 13824 13824 13824 13824 6 6 6 

, O90 O92 O103 , o , ^105 1 ,ciA\ 

+ ^ + 12" — + ^'^^'^^+ 13824 " 5040- ^^^^ 

From the degree 1 part of T4^i$(ro,0) 7"o,i)|t=o = 0; we obtain 

_ lloi _a2_ Q8 _a9 oio 19oi4 ai5_ oie 

~ 60480 960 34560 34560 11520 2880 960 320 

OI8 Oi9 O21 O22 7023 O24 O25 O29 

320 960 34560 11520 2880 960 960 576 
031 037 044 050 052 053 057 070 

~ 46080 ~288~288~288~288~288~288 288 

O74 O75 O79 082 084 088 Ogg Ogo 

13824 13824 13824 13824 6 6 12 6 
092 093 0103 , o , 0105 11 
+ 24 ""6- + ^^^°^+ 13824 " 20160- ^^^^ 
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From the degree 1 part of T5^o*^*(to,0) ''"o,i)|t=o = 0, we obtain 



779ai ^ 02 ISfls ISag 13aio oi4 ^ ai5 



1451520 120 34560 34560 34560 60 120 
13ai6 13ai8 oig _ 13a2i _ 13a22 _ 023 024 025 
720 720 120 34560 34560 120 180 180 
_ Q29 _ 13a3i _ 037 _ Q43 _ Q44 _ Q50 _ Q52 _ Q53 
720 138240 144 144 144 144 144 144 

_ Q57 Q74 Q75 Q79 Q82 084 ^88 ^89 

144 13824 13824 13824 13824 2 2 6 
, ago , 092 , 093 oioa , , ^105 , 61 

+ ^ + ^ + l2 --6- + '^"^°^+ 13824 + 34560- ^^^^ 
Prom the degree 1 part of r4,i$(To,o, T-i,o)|t=o = 0, we obtain 

02 ^ 03 0,4 23a9 aio an 013 



144 240 720 69120 3840 15360 15360 

7ai5 QI6 Q17 024 028_ Q30 _ 034 _ Q37 

480 144 720 240 960 960 ~ 288 ~ 72" 

_ "^38 _ Q42 _ (Hi _ Q45 _ 053 ^ 054 _ Q55 _ Q-57 

288~288~72~288~72"~288~288~T2 

«58 Oei 068 _|_ OTO _|_ O73 _|_ Q75 _|_ Q76 _|_ ^77 



288 288 288 72 13824 4608 13824 13824 

079 _|_ Q8O O8I 082 _|_ 083 _|_ 5a84 _^ ^85 , Sogo 



4608 13824 13824 4608 13824 6 6 6 
agi 5a92 ag3 aio2 5aio3 , .„ 41 
+ -^ + ^ + 12 --6 6- + '''^^°^- 161280- ^'^^ 

Prom the degree 1 part of r3,i$(To,o, '7"i^i)|t=o = 0, we obtain 

- 31ai _^ 7a3 _^ 7a4 _ 7a8 _ ag _^ 7au 7ai3 



96768 720 720 34560 13824 138240 138240 
015 7ai7 _ 7a2i _ 7a22 7a28 7a3o _ 7a3i _ 034 

288 1440 34560 34560 2880 2880 138240 288 

_ 037 a38 _ 042 _ 044 ^ 053 _ 054 ^ Q55 _ 057 

144 288 ~ 288 ~ 144 ~ 144 ~ 288 ~ 288 ~ 144 

068 _|_ 070 _|_ 073 074 075 076 077 079 



288 72 13824 13824 6912 13824 13824 6912 

O8O O8I 082 083 084 Ogo Ogi ag2 

13824 13824 3456 13824 ~3~ ~3~ I2" X 

093 _ 095 ^ Ogy ^ ai02 _ 2ai03 I 09 _ '^105 J_ //,q\ 

24 24 12 6 3 "^""^ 13824 4608' ^ ^ 

Prom the degree 1 part of r4,o$(To,o, Ti,i)|t=o = 0, we obtain 

Q 2329oi a2 03 04 as 19a9 oio 13aii 
~ 1451520 ~ 576 ~ 30 ~ 30 + 1440 ~ 69120 ~ 2304 ~ 46080 
13ai3 _|_ 7ai4 _^ llois _^ 7ai6 _ Hoi? _^ ^ais _^ ^aiQ _^ 021 



46080 576 576 576 720 576 576 1440 

_l_ 022 _|_ 7a23 ^ Q24 7a25 ^ Q28 _^ 7a29 _ Q30 _j_ 031 



1440 2880 192 2880 120 2880 120 5760 

O34 _ 7a37 ^ 038 _ 042 043 ^ 7a44 ^ 045 flso 

144 ~ 288" ~ 144 ~ 144 288 ~ 288" ~ 144 288 



30 



052 _ 7a53 _ (154 _ 0,55 ^ 7a57 ^ 058 _ O-Gl ^70 

288 ~ 288 ~ 144 ~ 144 ~ 288" ~ 144 ~ 144 288 

_l_ _^ Q74 _|_ 5a75 ^ Q76 _|_ Q77 _|_ 5a79 ^ Q80 ^ «81 



13824 6912 13824 13824 13824 13824 13824 13824 

«82 _|_ Q83 _|_ 3a84 _ 085 _^ Sagp ^ Ogi ^ lla92 _^ 095 



4608 13824 2 6 2 6 12 12 
, 097 0102 5aio3 , , 0105 131 , , 

+ -^--6 6- + ^'"^°^ + 6912 - 69120- ^^^^ 

From the degree 1 part of T3^i<l>(ro,o, T2,o)|t=o = 0, we obtain 

Q _ 31ai _ a2_ _^ 7a5 Toe _ Toy _^ Tag 09 aio 



96768 288 2880 960 2880 34560 2304 1152 
7oii _^ 7ai5 ^ 7ai6 _^ 7a2i _^ 7a22 _^ ^ _^ '''''31 032 



69120 288 288 34560 34560 96 138240 288 

033 034 ^ 037 039 ^ 040 042 _ 044 _ 047 

288 144 ~ 36 288 ~ 288 144 36 288 

O53 , O55 ^ 057 Q59 _ Q6O _ 062 _ Q65 Q66 

36 144 36 288 288 288 288 288 
067 068 _^ Oto _ 073 _|_ O74 ^ 7a75 _ 077 _|_ 7a79 



288 144 48 6912 13824 13824 6912 13824 

QSl 082 083 5a84 087 5a9o 5a92 095 

6912 13824 6912 3 6 3 612 

_O98_Oi00 Oi02_5ai03 ^105 53__ 

6 6 3 3 13824 48384 ^ ^ 

Prom the degree 1 part of T2,i$(to,o, 7"2,i)|t=o = 0, we obtain 

02 _^ 7a5 _^ Toe _^ Toy _ ag _ Q-10 _^ 7aii 7ai3 



288 2880 960 960 13824 3456 46080 46080 

015 oie 024 _ 032^ _ 033 ^ 037 039 040 

288 96 288 288 288 144 288 288 

044 047 053 057 ^ O66 _|_ Q67 _|_ O70 _|_ O73 



144 288 144 144 288 288 48 13824 

_|_ "'^5 _ O76 _|_ Q77 _|_ Q79 _ OgQ ^ Ogi ^ Q82 _|_ Og3 



4608 13824 13824 4608 13824 13824 4608 13824 

ag4 Ogo 092 O94 095 ^ Ogg _ Ogg ^ Oiqq 

3 3 4 24 24 ~ 12 12 ~ 6 
-^-oio3 + 48aio4-^. (71) 

From the degree 1 part of T3^o*^'(7'o,0) 7"2,i)|t=o = 0, we obtain 

^ 31ai ^ 7a3 ^ 7a4 ay 7ag 23a9 13aio 



96768 720 720 40 34560 69120 23040 
on _^ 013 _^ 7ai5 _^ 5ai6 _^ 7ai7 _ 7a2i _ 7a22 _^ O24 



1920 1920 288 144 720 34560 34560 72 

7o2g 7a3o _ 7a3i _ 032 033 _ 034 _ 5037 osg 

2880 2880 138240 144 144 288 144 288 

040 042 5a44 ^ Q45 _ 5a53 ^ 054 055 5057 



144 288 144 288 144 288 288 144 

^ a58 _ O6O _ O6I _ 065 _ 067 _ 068 _^ O70 O73 



288 144 288 144 144 288 72 6912 
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13824 13824 6912 6912 13824 6912 13824 6912 

, r, 087 , r, , 13a92 agy Ogg Oioo , OlOl 

+ 2a84 - + 2a9o + — — ^ + E~ + 

6 12 6 6 6 3 

^"^103 , TOO "^105 53 

+ 128aio4 



3 13824 48384 

Prom the degree 1 part of r2,i$(To,o, T3,o)|t=o = 0, we obtain 

_ 702 _ _a5_ _ ^ _ Q9 _ 113aio 7aii 7ai3 31ai5 
~ 720 120 40 3072 138240 46080 46080 1440 
2ai6 3a24 032 _ 033 _ 5037 _ 039 _ 6044 _ 6053 
45 160 144 144 144 144 144 144 

5a57 059 a62 066 _|_ 070 _j_ Q73 _|_ 075 ^ 076 



144 144 144 144 144 13824 2304 13824 

Q77 . Q79 . OSO . QSl . 032 Q83 r, 086 

13824 2304 13824 13824 6912 13824 6 

130,92 O96 Ogg Oioo Oioi 5oio3 

+ 2090 + —77: ^ + + ^5 a 5— + 128O104 

12 D o 3 D 3 

127 



80640 

Prom the degree 1 part of r2,o^(To,o, 7-3^1) |t=o = 0, we obtain 

Q _ _|_ _ 7o6 _^ 707 _ II09 _ 47oio _^ 7oii 



288 960 2880 960 46080 46080 46080 
7oi3 _^ 7oi5 _^ 7oi6 _^ 024 032 033 037 039 



46080 480 288 96 288 288 48 288 

O40 _ 044 ^ Q47 _ O53 ^ 057 ^ O59 O60 _ Q62 

288 48 288 48 36 288 288 288 
«65 flee OCT 070 Q73 075 _ Q76 «77 



288 288 288 144 13824 6912 13824 13824 

Q79 O8O , O8I , 082 083 , 5084 Oge 5O90 

6912 13824 13824 3456 13824 3 6 3 

5092 094 099 oioi 4oio3 ,110 139 
+ TTT ;^ n ^ ^ 112oio4 



6 12 6 6 3 241920 

From the degree 1 part of r4^i^(To,i, ro,o)|t=o = 0, we obtain 

^ _ llOi _a2_ _ _08 09_ Olo Oi4 Sois 19oig 

~ 60480 960 11520 11520 34560 320 576 2880 

OI8 Ol9 Q2I Q22 O23 7024 Q25 Q29 

320 960 34560 ~ 11520 960 2880 960 576 
031 037 043 050 052 



46080 288 288 288 288 

O74 Q75 Q79 082 084 088 ^89 ^90 

13824 13824 13824 13824 6 6 6 12 

O92 O94 Oios 0105 11 

+ -T — h 80104 + 



053 


057 


070 
288 


288 


288 


084 

6 


O88 


089 


6 


+ "6"" 



24 6 13824 10080 

Prom the degree 1 part of r5,o^(''"o,i) '^o,o)|t=o = 0, we obtain 

779ai 02 1308 ISa^ 13oio 13oi4 015 
~ ~ 1451520 120 ~ 34560 ~ 34560 ~ 34560 720 ~ 144 
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_ ai6 13ai8 ai9 _ ISaai _ 18022 023 _ «24 025 
60 720 120 34560 34560 180 120 180 

029 13a3i 037 0.43 044 0,50 0,52 053 

~ 720 ~ 138240 ^144^144^144^144^144^144 

_ 057 Q75 Q79 0^82 084 088 089 

144 13824 13824 13824 13824 2 2 2 
, O90 092 094 0103 , -.^ , O105 779 

+ "6" + ^ + l2 " "6" + ^^''^"^ + 13824 + 241920- 

Prom the degree 1 part of r3,i$(ro,i, ro,i)|t=o = 0, we obtain 

_ 3I01 7oi7 _ 7021 _ 7q22 7q27 7o28 7o30 

96768 1440 34560 34560 5760 5760 2880 

703i 037 O43 O44 ^ 045 052 053 057 



138240 288 576 576 576 288 288 288 

070 074 075 079 Q82 084 089 , O90 

288 13824 13824 13824 13824 6 12 12 

, O92 O95 O103 , o "105 
+ -F. TTl TT- + 80104 



24 6 13824 

Prom the degree 1 part of r4^o^(7"o,i5 7"o,i)|t=o = 0, we obtain 

_ 2329oi a2_ _ _08 a9_ _ oip 5oi4 5oi5 5oi6 

~ 1451520 192 17280 17280 17280 576 576 576 

_ Oi7 7oi8 7oi9 021 022 7 023 7o24 7o25 

60 576 576 1440 1440 2880 2880 2880 

_ ^^"^ _ _|_ '^'^29 _ Cl30 O31 ^ O37 ^ O43 _ 044 

240 240 2880 120 5760 96 288 288 
045 _|_ 050 _ 052 _ 053 ^ 057 ^ 070 ^ 074 ^ 075 



288 288 96 96 96 288 6912 6912 

O79 2084 089 Ogo _ Ogi 092 _ 093 ^ 094 

6912 3 3 3 12 2 24 24 
, 095 0103 , , 0105 25 

+ -TTT 7i 1" 24oio4 + 



12 3 6912 16128 

Prom the degree 1 part of r3,i$(To,i, Ti^o)|t=o = 0, we obtain 

_ og 7oio 7aii 7oi3 5oi5 7ai6 7ai7 

4608 34560 138240 138240 288 288 1440 

7o24 7o28 7q30 ^ Q34 _ O37 ^ O38 ^ 053 ^ O54 

720 2880 2880 ~ 288 ~ 72 ~ 288 ~ 72 ~ 288 

055 057 058 O61 ^ ae8_ _|_ 070 _^ 073 ^ 075 



288 72 288 288 288 72 13824 4608 

076 077 O79 O80 081 _ 082 083 5o84 

13824 13824 4608 13824 13824 4608 13824 6 

085 Sogo Og]^ 5o92 093 ^ 094 ^ O95 ^ Q102 

6 12 12 8 8 6 12 6 

5oio3 , ,Q 23 
+ 48oio4 - 



6 10752 
Prom the degree 1 part of r4_o^(7'o,ij '7"i^o)|t=o = 0, we obtain 

02 _a3_ _ 67ag _ 13aio _ 13aii _ 13oi3 _ ai5 

~ 72 360 360 69120 11520 46080 46080 60 
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llaie _ llai7 _ «24 _ 028 _ ^30 _ ^34 _ ^37 _ «38 

lU 720" ~30~120~120~144~36~144 

042 ^44 ^45 0,53 0,54 ^55 0^57 058 

144~W~144~36~144~144~36~144 

aei , 073 Q75 _|_ ^76 _|_ Q77 _|_ 079 _|_ flso _|_ flsi 



144 13824 4608 13824 13824 4608 13824 13824 

082 083 5a84 085 Sagp Ogi 8092 093 

4608 13824 ~Y~ ~Y ~6~ ~6~ ~3~ ~3~ 

094 095 aio2 5aio3 , ^„ , 1247 

H h 900104 H • 80) 

36 6 6 161280 ^ ' 

From the degree 1 part of T2,i$(ro,i, ri^i)|t=o = 0, we obtain 

Q _ Toy _ 09 _ law _ 7ai3 015^ _ 034 _ 037 040 
~ 960 13824 46080 46080 576 288 288 288 

_ ^^"^ _ "^^^ _ "53 _ O57 _ Q58 O6O _ Ogi 063 

~5re~5TO~288~288~5TC 5TO~576 576 

_|. _|_ ^ -I- °73 _|_ O75 076 O77 _|_ O79 ^ ago 



288 96 13824 13824 13824 13824 13824 13824 

OSl 082 _|_ 083 _|_ 084 _|_ O90 _^ O92 ^ 093 099 



13824 4608 13824 6 12 8 24 12 

_ 0102 _ 0103 ^ ^ 

6 2 " 13824 ^ ' 

Prom the degree 1 part of ra^o^C'To,!; T-i,i)|t=o = 0; we obtain 

^ 31ai ^ 7a3 ^ 7a4 07 7a8 09 ^ 7aio 



96768 720 720 40 34560 3456 34560 

On 013 I ^ , '^"■16 7ai7 _ 7a2i _ 7a22 7a24 

1920 1920 48 288 720 34560 34560 720 

7a28 7a3o _ 7a3i _ 034 _ 037 038 _ 040 _ 042 

2880 2880 138240 96 48 288 144 288 

044 045 053 054 055 057 058 O60 

~288 288~48 288 288~48~288~288 

O6I 063 _|_ 068 070 ^ Q73 O74 ^ 5075 ^ 076 



288 288 288 72 6912 13824 13824 6912 

077 5a79 080 _ Q82 083 7a84 _ 087 Togo 

6912 13824 6912 13824 6912 ~6~ ~6~ 1^ 

7o92 093 ^ 094 ^ 095 ^ 097 099 ^ aio2 _ 7a 103 

~8~ ~6 6 8~~T2" ~6 3 6~ 

+ 80aio4-^^^^ (82) 

" 13824 8064 ^ ' 

Prom the degree 1 part of r2,i$(To,i, T2,o)|t=o = 0, we obtain 

02 7a5 Toe 7a7 _ 09 oio 7aii 015 

~ 96 2880 960 960 3456 11520 23040 48 

016 7a24 _ 032 _ 033 034 _ 037 039 040 

24 480 ~ 288 ~ 288 144 48 288 288 

042 _ O53 ^ 057 059 Ogi ^ Og2 _ 063 Ogg 

288 ~48~ 48 288 288 ~ 288 ~ 288 288 

067 068 070 _ O73 075 O77 O79 081 



288 144 48 6912 2304 6912 2304 6912 
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ass _|_ 7a84 _^ ^agp ^ 7ag2 _ 094 ^ 095 ^ 097 ags 



6912 6 12 8 4 24 12 6 

«99 oioo , «in2 3aio3 , „„ 19 
H ^ 7: 1- 96aio4 



6 6 3 2 " 8064 

From the degree 1 part of T3^o^(''"o,i! ''"2,o)|t=o = 0, we obtain 

^ 31ai ^ 7a2 07 ^ Tag 3a9 31aio an llais 



96768 144 40 34560 2560 13824 960 720 
Qie 7a2i 7a22 _ 43a24 7a3i _ 032 _ 033 034 

8 34560 34560 720 138240 144 144 48 
7a37 _ a4o 042^ _ 7a44 _ a47 _ 7053 _ 055^ _ 7a57 

I44 144 144 I44 144 I44 144 Til 

«60 _|_ ^61 _ ^62 _|_ 063 ^65 ^67 «68 ^73 



144 144 144 144 144 144 144 3456 

a74 7a75 _ a77 ^CLjg 7a82 _ Q83 13a84 _ ^87 

13824 13824 3456 13824 13824 3456 3 6 

4a90 17a92 7a94 097 ^ ogg 099 ^ aipp 2aio2 

3 6 12 6~6 3 6 3 

5aio3 . „„„ . aio5 ^ 139 
7i ^ 208aio4 + + 



13824 15120 

Prom the degree 1 part of T2,o^*(to,i, T2,i)|t=o = 0, we obtain 

Q _ 02 _^ 7a5 ^ Toe _^ 7a7 _ a9 _^ aio 7aii 7ai3 



96 2880 960 960 8640 2560 46080 46080 

5ai5 oie 7a24 _ a32 _ a33 ^ 037 039^ Q40 

288 24 480 288 288 72 288 288 

044 053 5a57 059 aeo ^65 «66 «67 

288 ~ 48 ~ 288 ~288 288~288~288 288 

_|_ "'^0 _j_ "73 _|_ 5a75 ^ 076 ^ Q77 _j_ Q79 QSO _j_ «81 



144 13824 13824 13824 13824 13824 13824 13824 

082 083 , 7084 7a90 7a92 _ 5a94 age _ 098 

4608 13824 ~6~ I2' ~8 2^ I2" ~ ~6~ 

099 oioi 7aio3 , „„ 23 
+ 96aio4 



6 6 6 10752 

From the degree 1 part of T2,o<&(to,i, T3^o)|t=o = 0, we obtain 

Q _ 7a2 _ a5_ _ ^ _ 3509 _ 503aio 7au 7ai3 _ 015 

~ 144 120 40 27648 138240 46080 46080 60 

016 43o24 _ 032^ 033 037 039 044 047 

~ ~8 720" ~T44~144~36"~144~^~144 

O53 O57 062 065 0-66 O7O _|_ 073 O75 



18 24 144 144 144 72 13824 3456 

076 077 _ 079 Q80 O8I 082 083 13Q84 

13824 13824 3456 13824 13824 3456 13824 3 

_ O86 4a9o 17a92 7094 095 098 _ 099 ^ aioi 

~~6~ ~3~ 6 'W ~6~ ~3 6 6~ 
1793 

-aio3 + 208aio4 + ^^. 
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From the degree 1 part of r4_i$(ri^0) ''"o,o)|t=o = 0; we obtain 



_ ^2 CI5 _ ^6 _ as _ ai2 _ ai3 au 
~ 144 240 ~ 720 ~ 3840 ~ 15360 ~ 15360 144 

Ql7 Q23 Q27 Q28 fl30 _ Q33 _ 037 _ Q39 

720 240 960 960 960 ~ 288 ~ 72 ~ 288 

a4i ^ 043 ^ 045 ^ 052 _ 054 _ ^56 _ £157 _ 059 

288"72"^288~72"^288"288"72"^288 

062 Q67 _|_ 070 _|_ Q72 Q74 _|_ Q76 _|_ Q78 _|_ «79 



288 288 72 13824 4608 13824 13824 4608 

«80 _|_ Q-Sl Q82 _|_ Q83 _|_ 5a84 _|_ Oge _|_ 5q89 _^ agi 



13824 13824 4608 13824 6 6 6 6 
, 5a92 094 aioi 5aio3 5 
+ -TTT + TTT 7^ 7^ ^ 48aio4 + 



12 12 6 6 16128 

Prom the degree 1 part of T3,i$(ri,0) ^0,1)^=0 = 0, we obtain 

_ 7a8 7ai2 7ai3 7ai4 7ai7 7a23 7a27 7a28 
~ 34560 138240 138240 288 1440 720 2880 2880 

7Q30 _ Q33 _ «^37 _ a39_ _ «52 _ ^54 _ Q56 _ ^57 

2880 288 72 288 72 288 288 72 

059 062 _|_ 067 _|_ O70 _|_ 072 _|_ O74 _|_ Q76 _|_ O78 



+ 



288 288 288 72 13824 4608 13824 13824 

Q79 Q80 Q81 Q82 Q83 5as4 oge 5as9 

4608 13824 13824 4608 13824 6 6 12 
, 091 , 5a92 ags 094 095 aioi 5aio3 , ,„ 

+ I2 +^--6- + X-l2 --6 6- + ''"^°^ 
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48384 

From the degree 1 part of T4^o*^'(t'i,0) ''"o,i)|t=o = 0, we obtain 

02 as ag 13a8 13ai2 13ai3 llai4 llai7 
~ 72 360 360 ~ 11520 ~ 46080 ~ 46080 ~ ~Ui 720" 

_ 023 _ Q27 _ Q28 _ O30 _ Q33 _ 037 _ Q39 _ Q4I 

30~120~120~120~144~36~144~144 

_ 043 ^ 045 052 054 O56 _ O57 _ O59 _ 062 

~36~144~36"~144~144~36"~144~144 

_l_ Q72 ^ O74 _|_ Q-76 _|_ Q78 _|_ O79 _|_ Q80 081 _|_ 082 



13824 4608 13824 13824 4608 13824 13824 4608 

osa 5a84 ose 5a89 ogi 5a92 093 094 

13824 ~Y~ ~Y ~6~ ~6~ ~3~ ~3~ ~3~ 

, 095 oioi 5aio3 , „„ , 911 
+ -7: 1" 96aio4 + 



6 6 g . ■ 241920 

Prom the degree 1 part of T3j<I>(ri,o, Ti,o)|t=o = 0, we obtain 



7a2 


03 
96 


7a4 


05 
96 


706 


7a7 


032 




~144 


~ 720 


720 


1440 


144 




033 


034 


035 


036 


037 


038 


039 


040 


96 


96 


288 


288 


24 


96 


96 


144 


057 


058 


059 


oao 


O61 


062 


063 


064 


24 


96 


96 


144 


96 


96 


288 


288 
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_ .^55. _|_ ^67 ^68 a69_ «70 ^79 QSO 

144 144 96 96 288 24 1728 6912 
Qsi 083 10Q84 2a85 2a86 , ^ , 5a92 093 
6912 3456 3 3 3 3 3 3 
094 095 aioo 2aioi 2aio2 lOaios , n^n , ^ 
+ X + 3 3 3- + '^°^^°^ + 6048- 

From the degree 1 part of r2,i$(Ti,o, Ti^i)|t=o = 0, we obtain 

_ _ 7a8 _ 7ai2 _ 7ai3 _ 032 

""'^ 11520 46080 46080 144 

_ 037 , 038 _ 039 , 040 

72 96 288 144 

067 068 069 070 

96 96 288 24 

O72 O74 0,76 078 _|_ 5a79 ^ 080 _|_ 081 082 



703 


7a4 


+ 


05 


+ 


7a7 




480 


' 240 


288 


480 


033 


034 


+ 


035 




036 


288 


96 


288 




288 


057 


059 




062 


+ 


O66 


72 


288 




288 


144 



13824 4608 13824 13824 13824 13824 13824 4608 

083 5a84 086 5a92 093 094 095 ^ 097 

4608 6 6 8 6 812 4 

099 oioo Oloi 2aio2 5aio3 , -, 1 

h 144ain4 . 

4 3 2 3 2 2304 

From the degree 1 part of T3 o^'(ri^o! ''"i,i)|t=o = 0, we obtain 

- - l!!^ - ^^"3 _ 04 05 _ Toe _ ^ I 
~ 144 720 10 72 720 20 480 

012 oi3 7ai4 7ai7 7a23 7a27 7a28 7a3o 
1920 1920 144 720 720 2880 2880 2880 

_ 032 _ 5a33 _ 034 _ 035 _ 036 _ 5037 _ O38 _ 5039 

72 288 48 144 144 72 48 288 
_ ^ -L "41 O43 045 052 Q54 O56 _ 5a57 
72 288 72 288 72 288 288 72 

_ 058 _ 5059 ^ O60 _ Oei _ 5062 _ 063 _ 064 _ 065 

~ 48 ~ 288" ~ 72 ~ 48 ~ 288 ~ 144 ~ 144 ~ 72 

, 067 O70 Q72 074 O76 O78 O79 O80 

288 72 6912 2304 6912 6912 768 2304 

, O8I 082 , 083 , ^ 2a85 , 037 35a92 

+ 1728 + 1152 + 1728 + ^"^^ " ^ + '^^^ ~ X + ^ 

7094 097 099 oioo 2oioi 2aio2 10aio3 , oo^? 

H h 3300104 

12 2 2 3 3 3 3 

_ 313 
241920 ■ 

Prom the degree 1 part of r2,i$(Ti,o, T2,o)|t=o = 0, we obtain 

Q _ _02_ 305 , ^ , 7a8 _ 7q9 _ 7aio 7ai2 7qi3 

~ 120 160 96 11520 138240 46080 46080 46080 
032 _ 033 034 036 _ 5037 ^ 039 ^ 5057 ^ 059 

72~48 48144~ ^72~ ~ 72 ~ ~72' ~ 72 

_ 062 _ 066 _ 068 _ Q69 O70 Q72 074 O75 

48 72 48 ~ 144 48 13824 4608 ~ 13824 

076 , 078 , 079 081 5092 O94 

+ 13824 + 13824 + 1728 + 3456 + + ^ + ^ 
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age ^98 , 2aioo , 4aio2 ^ , 79 

- ^ - ^ + ^ - aioi + ^ - 5aio3 + 432aio4 - (93) 

Prom the degree 1 part of r2,o^(Ti,o, T2,i)|t=o = 0, we obtain 

ao Tos 7aA a^. ur Tar Tos 
= -T^ + -r^ + — + — r- + -r-^- 



48 480 240 96 240 480 11520 
7ag 7a 10 _ 7ai2 _ 7ai3 _ 032 _ 033 _ 034 035 

138240 46080 46080 46080 144 288 96 288 

_ Q36 _ 7a37 038 _ 039 Q40 _ ^0-57 ^58 _ Sosg 

288 lil 96" 96" \\A~ "96" ~ ^88" 

ago oei 5a62 flea ^^64 oee ^67 

+ — - — - ~^'^288~144~144~"96" 

Q74 _|_ Q75 ^76 Q78 _|_ Q79 



«60 




5a62 


144 " 


96 


288 


068 


069 


072 


96 


" 288 


13824 


080 

1728 


082 

1152 


083 

6912 


099 


OlOl 


II0103 


2 


3 


3 



, "ou , "O^ "oo , r; , , 5092 O94 097 

+ + TTT^ - TTTTT^ + ^084 + 086 + + ^ 1^ 



+ 432aio4 + 77^. (94) 



5376 

Prom the degree 1 part of r3^i$(ri,i, ro,o)|t=o = 0, we obtain 

— ^^"1 _|_ ^ _|_ _ 7o9 _ 7aio 7ai2 _^ 7ai3 



96768 720 720 34560 34560 138240 138240 

7ai7 _ 7a2i _ 7a22 7q27 7a28 7q3o _ 7q3i _ 033 

1440 34560 34560 2880 2880 2880 138240 288 

_ 037 039 ^ 041 ^ 043 ^ 052 _ 054 ^ 056 _ O57 

~ 144 288 ~ 288 ^ 144 ~ 144 ~ 288 ~ 288 ~ 144 

067 070 072 074 _ 075 076 078 079 



288 72 13824 6912 13824 13824 13824 6912 

O8O ^ QSl 0-82 _|_ Q83 _|_ 084 _|_ 039 _|_ O91 ^ 092 



13824 13824 3456 13824 3 3 12 4 

O94 095 O98 Oioi 2oi03 , 00 "105 /nr-N 

+ 24 - 24 - 12 --6 3- + ''"^°^ - 13824- ^''^ 

Prom the degree 1 part of T4^o^(''"i,i5 "^0,0)14=0 = 0) we obtain 

2329ai 02 0,5 og og og oiq 13ai2 

~ 1451520 ~ 576 ^ 30 ^ 30 ~ 2304 + 1440 + 1440 ~ 46080 
13ai3 ^ 7oi4 ^ 7ai5 _^ 7ai6 _ lloi? _^ 7oi8 _^ 7ai9 ^ 021 



46080 576 576 576 720 576 576 1440 

Q22 O23 7024 7025 _ O27 _ 028 7 029 _ O30 

1440 192 2880 2880 120 120 2880 120 

Q3I _ O33 _ 7037 ^ O39 ^ O41 ^ 7043 044 ^ 045 

5760 - 144 - 288 ~ Tu' 144 ~ 288 288 - 144 

Q50 _ 7052 Q53 _ O54 ^ Q56 _ 7o57 ^ Q59 _ Q62 

288 ~ 288 288 ~ 144 ~ 144 ~ 288 ~ 144 ~ 144 
_l_ 070 _|_ 072 _j_ 5074 ^ 075 ^ 076 _|_ Q78 _|_ 5079 ^ O80 



288 13824 13824 6912 13824 13824 13824 13824 

Q8I 082 083 3o84 _ 086 3o89 Og]^ II092 

13824 4608 13824 ^ 6~ ~6~ 12 

, 095 098 oioi 5oio3 , , 0105 13 , , 

+ I2+-6---6 6- + + 6912 - 8064- ^''^ 



38 



From the degree 1 part of r2,i^*(ri^i, ro,i)|t=o = 0, we obtain 



_ 7a7 _ 7ai2 _ 7ai3 _ 033 _ 037 040 _ CHi_ _ 043 
~ 960 46080 46080 288 288 288 576 576 

_ "52 _ Q57 _ Q59 Q60 _ Q62 Q64 Q67 «70 

288 288 576 576 576 576 288 96 

_l_ 072 _|_ Q74 076 078 O79 O80 _^ 081 082 



13824 13824 13824 13824 13824 13824 13824 4608 

083 084 089 092 094 ^ Ogg ^ aiQl _ 0103 

13824 ~6~ I2" ~8~ '2A~~[2 6 2~ 
+ 24aio4. 

From the degree 1 part of T3^o^(ti,i, To,i)|t=o = 0, we obtain 

- _^ _^ '^"6 07 , 70,8 70,9 7aio 



96768 720 720 40 34560 34560 34560 
012 _^ oi3 ^ 7au _^ 7oi7 _ 7a2i _ 7a22 _^ 7a23 ^ 7a27 



1920 1920 288 720 34560 34560 720 2880 
7a28 7a3o _ 7a3i _ 033 _ 037 039 _ 040 _ 041 
2880 2880 138240 96 48 288 144 288 

_ "43 , 045 _ O52 054 05g ^ 057 ^ 059 _ OgQ 

288 288 48 288 288 48 288 288 

062 064 _|_ 067 _|_ O70 _|_ Q72 _|_ 5a74 ^ O75 ^ 075 



288 288 288 72 6912 13824 13824 6912 

078 5q79 081 Q82 Q83 7a84 _ 037 7(289 

6912 13824 6912 ~ 13824 6912 ~6 6~ U' 

^ 7aQ2 093 ^ 094 095 a98 099 aioi 7aio3 



+ 80aio4 - 



6 6 8 12 6 3 6 

0105 31 



13824 48384 

From the degree 1 part of r2,i$(ri^i, ri^o)k=o = 0, we obtain 

Q _ _03_ _^ 705 ^ Toe _^ 7a7 709 7aio 7au 7ai3 



288 480 240 480 23040 11520 46080 46080 
_ .^5?. _ ^ _ .^21 _ "35 , 036 _ 037 _ 038 039 
144 96 288 288 288 72 288 96 

O40 _ 057 ^ 058 _ Oei Ogg 067 068 Ogg 

144 ~ 72 ~ 288 ~ 288 144 96 96 288 

_l_ 070 _ Q73 _ Q75 _ Q76 Q77 _|_ 5Q79 ^ O80 O8I 



24 13824 4608 13824 13824 13824 13824 13824 

082 _|_ 083 ^ 5as4 _|_ 085 ^ 5o92 093 ^ 094 ^ 095 



4608 4608 6 6 8 8 6 12 

098 099 oioo 2aioi 0102 5aio3 , , - . 

+ 144aio4 



4 4 3 3 2 2 " 4608 

From the degree 1 part of r2,o$(Ti,i, ri^i)|t=o = 0, we obtain 







480 


240 480 


240 


480 


11520 


7oii 


7oi2 


7oi3 


033 


034 
96 


46080 


46080 


23040 


96 



7a9 7a 



10 



23040 11520 
035 036 _ 037 
288 288 48 



39 



038 ^39 Q40 _ a57 «60 Q63 ^64 067 

96 96 144 48 144 288 288 288 

_j. "68 Q69 _|_ O70 O72 O73 074 075 O76 



288 288 72 13824 13824 4608 4608 6912 

077 O78 , 079 , 080 , Ogl 082 083 , 

+ 7:tT777 + 7:7^777 + TTTTTTT + 77T777 + 7777:77 + ^^84 



13824 13824 2304 2304 2304 2304 1728 
3092 093 094 ^ 097 ^ ogg ^ 099 ^ 5aioi ^ 5aio2 

~T~ ~8~ ~8~ X X ~3~ 6 6 

_Z^ + 192aio4-^. (100) 

3 4608 ^ ^ 

From the degree 1 part of T2,o^(ti,i, r2,o)|t=o = 0, we obtain 

02 II05 379a6 7ar 193a9 463aio 

" ~96 ~ I92" ~ 2880 960 11520 ^ 138240 138240 

7oii 7ai2 7ai3 7ai5 7ai6 7a24 _ ^ _ II033 
23040 46080 46080 288 96 480 96 288 

O34 ^ O36 ^ 5a37 ^ 039 040 O44 O47 053 

48 144 72 32 288 48 288 48 

_ 13a57 _ 059 aeo _ II062 _ 053 _ 055 _ oge _ ^a^i 
144 32 288 288 144 96 96 288 

068 069 070 O72 ^ ajs _^ 074 _|_ 13075 _|_ O76 



144 144 48 13824 6912 4608 13824 13824 

077 078 079 O80 _ Q81 082 _ Q83 19084 

6912 13824 6912 6912 ~ 3456 1152 ~ 1728 3 
7a92 094 098 099 5aio2 10aio3 

-O86 + ^--g- + -g--^-Ol01 + ^ 3- 

59 

+ ^'^«-^-T6m- 

Prom the degree 1 part of T3,i$(r2,o, To,o)|t=o = 0, we obtain 

Q _ 31ai _ _a2_ _^ 7a3 _^ 7a4 _ 7a7 _ as _^ 7a9 ^ 7aio 



96768 288 2880 960 2880 1152 34560 34560 

7oi2 _^ 7a 14 ^ 7(121 ^ 70.22 _^ ^ _^ 7a3i _ 032 _^ 033 



69120 288 34560 34560 96 138240 288 144 

_ 034 037 038 040 O41 ^ 043 ^ 046 O52 

~ 288 ~36" 288 ~ 288 144 " 36" ^ 288 ~ 36 

O56 _ O57 O58 _ Ogo _ Oei _ 065 066 _ 067 

144~ 36 288 ~ 288 ~ 288 288 288 ~ 144 

O68 _|_ 070 _ 072 7074 ^ 075 _ 078 7o79 ^ O80 



288 48 6912 13824 13824 6912 13824 6912 

082 _ 083 5 084 087 5 089 5 092 095 _ O97 

13824 6912 ~3~ ~6~ ~3~ ~6~ I2" ~6~ 

_ 0100 Oioi _ 50103 ^105 1_ ^ ^ 

6 3 3 13824 1536 ^ ' 

Prom the degree part of r2,ir2,o^(To,05 7"o,o)|t=o = 0, we obtain 

31ai 7o8 7o9 7aio 7oii 7oi2 7ai3 







10752 4608 4608 4608 23040 23040 23040 
7020 7021 7022 7o3i 071 072 073 074 



23040 4608 4608 23040 6912 6912 6912 2304 



40 



075 


076 


077 


078 


079 


O80 


08I 


082 


2304 


6912 


6912 


6912 


2304 


6912 


6912 


2304 


083 

6912 


0105 

2304 


31 
^ 1536' 













From the degree part of T2,oT3,o*I'(to,0 7 ''"o,o)|t=o = 0, we obtain 

_ 859ai 7a2 Tos Ta^ Tag Toq Toy 229a8 

~ 48384 48 720 720 720 720 960 34560 

229a9 229aio 19aii 19ai2 ai3 7ai4 7ai5 7ai6 

34560 34560 23040 23040 1920 48 48 48 

7ai7 7ai8 7ai9 19a2o 229a2i 229a22 7a23 7a24 
720 48 48 23040 34560 34560 288 288 

7a25 7a26 7a27 7a28 7a29 7a3o 31a3i 032 

288 2880 2880 2880 288 2880 23040 288 

033 034 5a37 a38 039 040 Q41 042 

288 288 144 288 288 288 288 288 

5a43 . 5a44 Q45 046 047 049 Sasp Q51 

144 144 288 288 288 288 144 288 

5a52 5a53 054 055^ 055 5057 058^ 059 

144 144 288 288 288 144 288 288 

Q6O 061_ Q62 Q65 066_ 067 Q68 5a7o 

288 288 288 288 288 288 288 144 

Q7I 072 Q73 074 075_ Q76 O77 , 078 



48384 48 720 720 720 720 2880 34560 
61a9 61aio 43aii 43ai2 ^ ai3 ^ 014 ^ 7ai5 ^ oie 



34560 34560 69120 69120 1920 12 48 12 

7ai7 018 7ai9 _ 43a2o _ 61a2i _ 61 022 7a23 7a24 

720 12 48 69120 34560 34560 288 288 

7a25 7a26 7a27 7a28 7a29 7a3o _ 23a3i _ 032 

288 2880 2880 2880 288 2880 69120 96 

I 033_ I O34 _ 037 038 , O39 _ 040 , O41 042 

288 288 16 288 288 96 288 288 

_ ^43 _ 044 045 _ 046 ^ 047 ^ 049 ^ 050 051 

T6"~T6" 288 ~ 288 ~ 288 ~ 288 ~ Te" 288 

_ _ _i_ "^54 Q55 056 _ 057 058 Q59 

16 ~ 16 288 288 288 ^ 16 288 288 

_ 060 _ O6I _ 062 _ 065 066 _ 057 _ Oes 5O70 

96 288 288 96" 288 96 96 lu 
071 072 073 ^ 074 _|_ 075 _^ 076 077 078 



3456 3456 3456 768 768 6912 3456 3456 

079 O8O QSl Q82 _ fl83 ll084 11088 ll089 

768 6912 6912 2304 ~ 3456 3 3 3 

II090 23092 095 _ 097 _ 098 099 _ Oioo Oloi 

3 12 I2" ~6~ ~6~ ~6~ ~3~ ~3~ 



(103) 



3456 3456 3456 768 768 6912 3456 3456 

, 079 O8O , O8I , 082 , 083 , O105 859 

768 6912 M2 23M 3456 768 ^ ^ 

Prom the degree 1 part of r3^ir3_o^(7"o,0) 7"o,o)k=o = 0, we obtain 

^ 53oi _|_ 02 703 ^ 704 ^ 705 ^ 7o6 7907 6I08 
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(105) 



Prom the degree 1 part of T2,ir3^i$(To,05 T"o,o)|t=o = 0, we obtain 

~ 48384 144 720 720 720 720 960 

5a8 Sag 5aio 7aii 7ai2 _ 7ai3 au Qi5 



13824 13824 13824 34560 34560 69120 72 48 

+ 
+ 



ai6 


+ 


7ai7 


018 
72 


oi9 7o2o 5a2i 
48 34560 13824 


5022 


023 
288 


72 


1440 


13824 


288 


+ 


025 

288 


7a26 
2880 


7a27 7a28 029 
2880 2880 288 


7030 

2880 


17031 

138240 


032 




033 


034 


037 038 039 

72 288 288 288 


041 




288 




288 


~ 288 ' 


~ 288 




042 




043 


044 


046 047 049 aso 


051 




288 




72 


72 


288 288 288 72 


288 




052 




053 


054 


055 056 057 aee 
" 288 ~ 288 ~ 72 288 


067 

288 




72 




72 ' 


288 





_^ 068 _^ 5070 _^ 071 _^ Q72 _^ Q73 _^ 5Q74 _^ 5Q75 _^ 077 



288 144 6912 6912 6912 13824 13824 6912 

078 5079 ^ 7082 Q83 2a84 2o88 2o89 2o90 

6912 13824 ~ 13824 6912 3 3 3 3 

Ogi 092 093 094 ^ 097 ^ Ogs _ Ogg ^ OioQ 

I2" ^ 24 24 I2" I2" I2" ~6~ 
_ 0101 _ 0102 _ 50103 gQ + ^ _ (106) 
6 6 3 13824 4608 ^ ^ 

Prom the degree 1 part of r2,iT4^o^('ro,0) '^0,0)^=0 = 0; we obtain 

Q 923ai 17a2 03 04 05 05 109a8 109a9 

~ 290304 "576" ~30~30~30~30~ 69120 " 69120 

_ 109oio _ On _ 012 _ oi3 5ai4 73oi5 5oi6 _ II017 

69120 7680 7680 7680 64 576 64 720 
5oi8 73ai9 020 109a2i 109 022 23023 23o24 230,25 

~6F 576 ~ 7680 ~ 69120 ~ 69120 ^ 960 960 ^ 960 

_ _ O27 _ 028_ 23Q29 _ 030^ ^ 7O31 032^ ^ O33 

120 120 120 960 120 46080 144 144 
034 I7037 038 039 041 042 I7043 I7044 



144 288 144 144 144 144 288 288 

045 ^ 17050 _ '^Sl _ 17052 _ 17053 _ O54 ^ 055 ^ 056 

144 ~ 288 ~ 144 ~ ^88 288~ ~ 144 ~ 144 ~ 144 

I7O57 O58 059 O6I 062 066 070 ^ O71 



288 144 144 144 144 144 96 6912 

072 073 11 074 II075 076 Q77 Q78 IIQ79 

6912 6912 13824 13824 6912 6912 6912 13824 

O8O O8I 5082 _|_ 083 _^ 7084 _ 035 _ Ose _^ TcLss 



6912 6912 13824 6912 2 6 6 2 

7089 , 7090 O91 O95 O96 O97 O98 

+ ^ + ^ + + ^'^^^ + I2" " "6" + "6" + "6" 
, oioo oioi 0102 5oio3 , „„„ , llaio5 5489 

+ ^--6- --6 2- + 2°°'^^°^ + 13824 - 483840- ^''^^ 
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From the degree 1 part of r2,o7"4,i^(To,0) To,o)|t=o = 0, we obtain 

^ 139ai ^ 0,2 _^ 0,3 04 _|_ 05 06 _|_ 7as 



241920 240 240 720 240 720 960 4608 
89a9 Toio _^ Qii _^ ai2 _ Q13 _^ Hqm _^ 7ai5 ^ llaie 



69120 4608 11520 11520 4608 240 80 240 
ai7 llais 7ai9 020 _ 89a2i _ 7a22 7a23 7a24 
720 240 80 11520 69120 4608 480 480 

7a25 Q26 Q27 Q28 7a29 030 _ IIQ31 _ Q32 
480 960 960 960 480" 960 ~ 46080 ~ 288 

_ ^33 _ 034 _ 5a37 _ 038 _ Q39 I Q40 _ Q4I _ Q42 

288 ~ 288 T44 288 288 288 288 288 

5a43 5044 045 046 0^47 0,49 5(2.50 Qsi 

~ I44 ~ T44 ~288~288~288~288' Til ^ 288 
_ 5a52 5a53 ^ 054 _ 055 _ 055 _ 057 ^ ass _ Q59 

~ T44 ~ T44 ~288~288~288~24~288~288 

Q6O _ Q6I _ Q62 _ Q65 _ Q66 Q67 ^68 ^70 

288 288 288 288 288 288 288 48 

_^ 071 _^ Q72 _^ 073 5074 _^ 5075 ^ 077 ^ 078 _^ 5079 



6912 6912 6912 13824 13824 6912 6912 13824 

Q82 Q83 , 5a84 ^85 , ^86 , Sogg 5ag9 5090 

13824 6912 2 6 6 2 2 2 
O9I 5092 O93 O94 ^ 099 ^ OlOl _ Q102 _ 13qio3 

~6~ ^ I2" I2" ~6~ ~6~ ~6~ 6 

+ + 13824 - 53760- ^''^^ 

Prom the degree 1 part of T2,ir2,i$(To,o, To,i)|t=o = 0, we obtain 

oi _l_ _a2_ _^ Tor _ _ag og^ _ 5aio _^ 7aii 7ai2 



13824 288 480 13824 13824 13824 23040 23040 

7ai3 ^ Ql4 _|_ Ol5 _|_ 7oig ^ 7oig ^ Q19 ^ 7020 O21 



23040 576 288 576 576 288 23040 13824 

5022 _|_ Q24 _|_ Q25 _|_ O29 _ Q3I _ O33 ^ Q37 ^ 040 



13824 288 288 576 13824 144 144 144 
041 ^ 043 ^ 044 ^ 047 ^ 049 ^ 050 ^ 052 _ 053 

288-288-144-288-288-144-144-144 

«57 ^59 ^ O60 _ Q62 _^ 064 ^ Og7 ^ Otq ^ O71 



144 288 288 288 288 144 48 6912 
_l_ 072 _|_ 073 _|_ 074 _|_ Q75 _ Q76 _|_ Q77 _ Q78 _|_ 0179 



6912 6912 6912 6912 6912 6912 6912 6912 

O80 _|_ 081 _ 082 _|_ 083 ^ 084 ^ Ogg ^ Ogg ^ 090 



6912 6912 2304 6912 3 3 6 3 

O92 O94 O99 Oioi O105 1 /inn\ 

+ — + T^-^-^-"^'^^ + '^"^°^+ 6912 - 4608- ^'^^^ 
From the degree 1 part of T2,iT2,i$(ro^o, ri^o)|t=o = 0, wc obtain 

02 5o3 705 Toe 7a7 ^ 5o9 _ 5qio 

~ 48 288 288 240 120 160 6912 3456 

Oil _ 4I013 II015 I ^ I ^ I 5Q24 a2g 030 

69120 69120 288 16 96 288 288 288 
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Q32 _ «33 _ «3£ _ Q35 a36_ _ 5a37 _ Q38 ^39 

48 48 144 144 144 144 144 48 
Q40 _ Q42 _ 5a44 ^ 045 _ 047 _ Q48 _ 5a53 ^ 054 
48 ~ 144 ~ I44 ~ 144 ~ 48 ~ 144 ~ Til ~ 144 

055 _ 5a57 ^ 058 _ Q61 066 ^67 Oes ^69 

144 ~ T44 ~144~144 48" 48" 48" l44 
5a7o _^ 073 _|_ 7a75 ^ Q76 _|_ ^77 _|_ ^079 ^ aso _|_ osi 



48 2304 6912 6912 2304 6912 6912 6912 

082 ,^^83,0 , ^85 , „ , ^91 , 3a92 093 
+ + 2^84 + + 2090 + -ir "I ^ 



2304 2304 " 3 ""324 
, 094 095 ags 2agg 4aioi 

+ + 2 3 3 ~ 00103 

25 

+ 336aio4-^. (110) 
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